Physica 131A (1985) 311-328
North-Holland, Amsterdam

MANY-SPHERE HYDRODYNAMIC INTERACTIONS
IV. WALL-EFFECTS INSIDE A SPHERICAL CONTAINER

CWJ BEENAKKER* and P MAZUR
Instituut-Lorentz, Ryksuniversiteit te Leiden, Nieuwsteeg 18, 2311 SB Leiden, The Netherlands

Recerved 2 January 1985

A previously developed scheme -to evaluate mobihty and friction tensors of an arbitrary
number of spherical particles suspended 1in an unbounded fluid—1s extended to include the
influence of a spherical wall bounding the suspension If restricted to one particle the results
generalize well-known formulae for two concentric spheres to the case of non-vamishing eccen-
tricity

1. Introduction

This paper continues an investigation of many-sphere hydrodynamic inter-
actions in a suspension, initiated by one of the authors'). The purpose of the
present work is to extend the theory of Mazur and van Saarloos?) for an
unbounded suspension, to the case of a suspension bounded by a spherical
container wall. Such an extension is of particular interest for the following
reason.

First of all, as a consequence of the long range of hydrodynamic interactions,
container walls have an essential influence on certain bulk properties of a
suspension —even in the case of a very large container. A celebrated example 1s
the sedimentation velocity, which is known to become infinitely large in an
unbounded suspension-—a paradoxical situation first noticed by Smolu-
chowski®). Smoluchowski himself indicated already that this difficulty is a result
of the neglect of backflow generated by boundary walls*). Recently, we
were able to show by explicit calculation that the divergency of the sedimen-
tation velocity encountered in an unbounded suspension does indeed not occur
if the presence of a wall supporting the suspension is accounted for’). In this
calculation essential use was made of formulae derived previously®) for mobil-
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ities of spheres in a fluid bounded 1n one direction by a plane wall of infinite
extent

In a similar way, the formulae to be derived 1n this paper can serve as the
starting pomt for a study of sedimentation i a suspension bounded m all
directions by container walls A study of this type 1s of great interest, as 1t 1s to
be expected that the backflow in such a geometry 1s fundamentally different
from the backflow in the geometry of ref 5, where the suspension was assumed
to be bounded only 1n the direction of the sedimentation velocity

Although the problem studied in this paper is mnteresting in itself — and has n
fact been studied extensively for the case of one single sphere having a common
center with the container’ ') —1t was with the above application in mind that we
undertook our 1nvestigation

In section 2 we formulate the problem of the motion of N spherical particles
suspended inside a spherical contamer, which may itself be 1n arbitrary motion
Formally, this problem 1s very similar to that of the motion of N + 1 spheres (of
arbitrary radius) in an unbounded fluid, stucied in ref 2 (hereafter referred to
as I) In this paper, and in ref 6 (hereafter referred to as III), general
expressions were given for the translational and rotational mobility and friction
tensors of the spheres, as well as for the fluid velocity field, in terms of tensor
objects called connectors The circumstance that one of the spherical boun-
daries encloses the others does not invalidate the analysis leading to these
expressions, but only affects the explict evaluation of the connectors, cf
section 3 The formal similarity between the present problem and that of paper
I thus enables us to immediately obtamn expressions for the various quantities
mentioned above These expressions are given in section 4, for the case of a
motionless container (Generalizations to eg a rotating container are,
however, straightforward )

Using the results for the connectors given 1n section 3, one then finds
expansions of e g the mobility tensors of the suspended particles n the
following three parameters the ratio of particle radius to contamer radius, the
ratio of particle radius to interparticle separation and the 1atio of the center to
center separation of particle and contamer to the radius of the contamer
Explicit results to third order in these parameters are given i section 5, to this
order the hydrodynamic interactions of one and two particles and the container
contribute If restricted to one particle, these results generalize formulae
known in the litterature’ '?) for the translational and rotational mobihty of a
spherical particle concentric with a spherical contamner, to the case of non-
vanishing eccentricity”

* A previous generalization in this respect but restricted to a situation with axial symmetry has
been given by Jeffery'’)—who considered the rotation of two non concentric spheres about their
common diameter
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2. Formulation of the problem and formal solution

We consider N spherical particles with radii a, and position vectors R,
(i=1,2,...,N)immersed in an incompressible fluid with viscosity n. We are
interested in the influence of an external spherical boundary on the motion of
the particles. Let a, denote the radius, and R, the position vector of the center
of a spherical container which encloses the N particles. The translational and
angular velocities of the particles are denoted by u, and w, (i=1,2,..., N),
respectively. Similarly, u; and @, denote the translational and angular velocity
of the container.

The motion of the fluid at position r is described by the quasistatic Stokes
equation for so-called creeping flow'?),

Vo(r)—n Av(r) = O} for[r—-R|>a, (i=1,2,...,N) o0

V-v(r)=0 and |r—Ry<a,. :
Here v(r) is the velocity field and p(r) the hydrostatic pressure. Eq. (2.1) is
supplemented by stick boundary conditions on the surfaces of the particles and
on the container wall,

v(r)=u+w, A (r—R) for|[r—-R|=a (i=0,1,2,...,N). (2.2)

The forces K, and torques T, exerted by the fluid on the particles and on the

1

container wall are defined as surface integrals of the pressure tensor P(r):

K,:—stp(r)-ﬁ,
Sl

i=0,1,2,...,N. 2.3)

T,=—jd5(r—R,) A P(F)- A

N

Here #, is a unit vector perpendicular to the surface S, defined by |r— R} = a,,
and pointing in the direction of the fluid. The pressure tensor P has cartesian
components

+ —£
ar“ ar

v

dv, dv )

P,,=pd,~u( (2.4)

The boundary value problem given by egs. (2.1) and (2.2) was studied by
Mazur and van Saarloos in paper I-for the case of an unbounded fluid, that is
to say in the absence of the external boundary S,. The method of solution used
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in that paper was the so-called method of induced forces'), by which it was
possible to reduce the problem to that of the solution of an infinite hierarchy of
linear algebraic equations. (A similar approach had been taken by Yoshizaki
and Yamakawa®).) The solution to the problem considered here, of N spheri-
cal particles inside a spherical container, may be obtained from the solution to
the problem of N + 1 spheres in an unbounded fluid —studied in paper I1-by
observing that the analysis of that paper, leading to the hierarchy of equations
referred to above, remains valid if one of the boundaries encloses the others. This
observation then leads us immediately to the result (cf. egs. (I-5.2)-(I-5.5))

N
6mna,u, = K, - 2 Al'V K-> (2a)'AY™ e T + z S ANME Fm

=0 =0 j=0m= 2
1% J*1 J#1
(2.5)
N
12ma’w, = €: A(21 VK -3Q2a)'T + 2 Qa) 'e: AT e~ T,
=0
j]#t J/#(l)
N o«
-2 €:APMOF™, (2.6)
=0 m=2
J#
N —1 N —1
F"=— 20 B"" QAN K - (2a)'B" QAN e T,
= =0
;#1 i#l
N o w, 1
+> > B QAPMOF™ (n=25,3,4,..), 2.7
j=0 m=2
Vili

where the index ¢ runs from 0 to N.

Egs. (2.5) and (2.6) relate translational and angular velocities of the particles
and of the container to forces and torques exerted on them by the fluid, as well
as to higher order multipoles of the induced forces, denoted by F. These
latter quantities (which are tensors of rank m) need not be further specified in
this context, as they can be eliminated iteratively by means of eq. (2.7), in
favour of the forces and torques. The objects AY"™ and B™ ™™ appearing in
egs. (2.5)-(2.7) are tensors of rank n+ m, whose definitions will be given
below.

We list the further notations used: a single or double tensor contraction is
denoted by a dot or colon, respectively. The symbol © in e.g. A” O F®™
prescribes a full n-fold contraction of the last n indices of the first tensor with
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the first n indices of the second tensor. In these contractions the nesting
convention is adopted, by which the last index of the first tensor is contracted
with the first index of the second tensor, etc. For example,

(AP OF®), =S ALDF,, 2.9)

Bys

where Greek indices denote cartesian components. The value 2s or 2a for one
of the upper indices of the tensors denotes respectively the traceless symmetric
or anti-symmetric part, e.g.

vy’

@) 1@ 4 1@ L (2)
Fa;_fFaﬁ+§FBn 3611B2F
Y

2.9)

(1,2a) _ 1 (1,2) _l (1,2)
Aa,ﬂy - §Aa.ﬁ7 2Aa, Y8 *

’

The prime in the summation =2, over upper indices m indicates that
for m =2 only the traceless symmetric part of the corresponding tensor has to
be taken,

i: A(l'"‘)Q F(m) _ A(1,25) . F(25)+ i A(l,m)@ F(m) . (2]())

m=2 m=3

Furthermore, the symbol € denotes the Levi-Civita tensor, the completely
anti-symmetric tensor of rank 3, with g,;= 1.

Finally, we give the definitions of the tensors Af?’ ™ and B™™ (of which the
tensor B™"" is the inverse), cf. egs. (I-4.31), (I-4.32), (I11-3.8) and (I1I-3.13),

3 ran\i2
A(n, my _ = <__]> sn-m -1 — 1) J ~1k(R~R,)
)1 87 \q, i""2e—-1DNC2m - 1) dke
X k_3‘]rx—1/2(a/k)Jm—I/Z(alk)lzn_l(1 - ]E]E),ém*l E) (211)
B(n,n) — _Aj;x,n) ] (212)

Here we have defined 2n—-D!!'=1-3-5----(2n—3)-(2n—1); the vector k
has magnitude k and driALection k = k/k; the function J, is the Bessel function of
order p; the notation k” denotes an irreducible tensor of rank p (i.e. a tensor
traceless and symmetric in any pair of its indices) constructed from a p-fold
ordered product of the vector k. For p=1,2 one has e.g.

F=k Jk=kk-11, (2.13)
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where ¥ denotes the second rank unit tensor. (See ref. 16 for useful formulae
on itrzdusHle 1enLsors.)

e compicees the definndon of the objects appearing in the hicrarchy
(2.5,- 12.7;. In sccdon 4 we shai show, toliowing naosrs § and 1, bow one con
obiamn from these equations series expansious lor the various quantitics of
interest —such as the mobility and friction tensors of the particles or the fluid
velocity field. In the next section, we shall first evaluate explicitly the integral
expressions (2.11) and (2.12) of the so-called connectors A and B. It is only in
this explicit evaluation that, as will be noted, the analysis of paper I has to be
modified to account for the fact that one of the boundaries encloses the others.

3. Evaluation of the connectors

Consider the integral expression (2.11) of the connector AI(;" " for the casc that
j # i If both indices j and [/ are unequal to zero (that is to say, each of the two
indices refers to a particle inside the container) one necessarily has |[R,— R | >
a, + a, Under the assumption that this inequality holds, the integral (2.11) has
been evaluated in papers I and III. The result is (cf. eqgs. (I11-5.4), (III-5.5) and
(I13-5.11))

Apm=Grm+ HY™ (R, >a,+ay), (.0
with
. 3 Pl 1 7+ rlfl };m 1
Gf;ﬁm': (—*j)ml—-a;tayﬁ} n—1 — m=-17 (32)
4 oR R, OR!

2
l

3 a’
(n,my _ = n _m-—1i J
HY™ = (-1)" = a) a (—

4+ — 2 1 +2 — l ”R“(n+m+l)/\n+m .
4 2n+ 1 2m+1>(" m = DER, T

(3.3)

The particle—particle connector Af}" ™ is the sum of two terms, one of which is
of order R """, the other of order R;“*™*" in the interparticle separation
R, =|R, - R|. Each of these terms is a tensor of rank » + m which is irreduci-
ble in its first » — 1 and last m — 1 indices. (The tensor H is in fact irreducible in
all of its indices.) In egs. (3.2) and (3.3), the vector #,= R /R, denotes the unit
vector in the direction of R, =R,— R, i.e. poiniing from the center of sphere j
to the center of sphere I The arrow ~ on 9/3R, in eq. (3.2) indicates a
differentiation to the left.

We next consider the case where one of the indices j and / is unequal to
zero, thal is to say, one of the indices refers to a particle, the other index to the
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container. Assume first that /=90. One then has the inequality a,>
IR,— R |+ a,. The integral (2.11) can for this case also be evaluated explicitly,
cf. the appendix, to yield the result

0 fn=m+1,
a\n
o | () B it n=m,
A/g,m — a() (34)
'A%‘ ™ fn=m-1,
IAJ(S, m)+ 2A](r(;, m) + BAI(S m) lf n<=m-— 2 ,
with the definitions
n,m n+m n —m (’71 - 1)! m-n m-n m— -
LG = (<17 2m - 3)lla” a; [—~—R,0 @ Aot =D
(m —n)!
3 9 —
—Z@m 1y R'};“R%] , 3.5)
4 IR oRy, T T
3 (m-1)!
2, m) _ n+m n —~m m-n— m—n— m=1,m-
A = O T2y @ e a RO R A,
(3.6)
2m —3 a2,
Spmy . _ 7 N 24 (nom) .
A= T <ao> Al 37)

Here the symbol ©” denotes a p-fold contraction, with the nesting convention
shown in eq. (2.8).

In the above equations we have introduced a class of isotropic tensors A" "
of rank 2n, which project out the irreducible part of a tensor of rank n:

A(n,n)an — bn @A(n,n) — F . (38)
For n =1,2 one has e.g.

AlD=5, . A%D =18,.6,+58,8, 35,0 (3.9)

Mmy 2 i, KA 1K T PA MV KA

We refer again to ref. 16 for useful properties of such isotropic tensors (of
which a few are listed in appendix A of ref. 17). The tensor 4™ of rank
2n + 2 used in eq. (3.5) has components

A (n,1d, n) — 5K)‘A (n,n) (3 1 ())

By tkhvy v B B v vt
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Eqgs. (3.4)-(3.10), together with the formulae for B™™ given below, complete
the expressions for the particle—container connectors A'™. The container—
particle connectors A("’ " can be obtained from these results by means of the
general symmetry relatlon for connectors?)

(Azn,m)) (m n))

oy "n+m—1“n+m CypmPym—1 %201 ° (3~11)
which follows from their definition (2.11). Note that these connectors, as well as
the particle—particle connectors considered previously, are tensors of rank
n+ m which are irreducible in their first » — 1 and last m — 1 indices. Their

dependence upon the quantities a/a, and R y/a, is as follows:

A(n n) o (_a_>" , A(n n) o (f.)’hl ,
20 gy

A (& )(R_) AL o <1>(R_>
ay \a,/’ ay \a,/’

for upper indices which differ by zero or one, whereas if the upper indices
differ by two or more the connector decomposes into terms of order

1A(" m) < >n<5}2>m—n lA(m n) ( >n—1<&q>m—n
Ay M4 , a4y g ’

(3.12)

R m-—n-2 a\n—1 R m-n-2
e T e (@ e
a, ag a a,
A(" ) (ﬁ)nn(&)m—n—z , 3A("’ ” o (a > +1<&>mﬂ.—2 Cn=m-2,
a a ay a4y

cf. eqs. (3.4)—(3.7) and (3.11). Note that, if the center of the particle coincides
with that of the container, the particle-container connectors simplify to

0 ifn#mandn#m-2,
(&' gonm i -
A(" m)|R =R, ~ (ao> 5 ifn=m, (3.14)

3 aj " a12 (n+1,n+1) .
Z(n+1)z(2n—1)!1<a—> (1——;)4 T

0 ay

We conclude with results for the tensors B™" = —A,(;""), and their inverses,
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derived in ref. 17 (cf. also eq. (I-4.16)):

B4V =_1, (3.15)
@y - 3485 8,06 6, 0 3.16
B/LV,KA—_I(S( uAQuc — Oux Oua = Oy K/\)7 ( )
Bes2" 1o 422 (3.16a)
9 b
B®M = _ E (n—D!C2n - 3)!![4 etign-y_ 7 AP
2 2n+1
| S
_ T Al 2 g et ] (n=3), (3.17)
2n—1
pon =2 [(n—D2n - 3)!!]"1[4 ot B g
3 n+1
- 1N/2n-3
+ (n >< n >A (,,Al‘n—l)Qn—ZA(n—l,n—l):l (n = 3) i (3173)
n—2/\2n-1
We also record here for future use the formula
A (n—-1,n-1) @n B(n,n)"1 — _%(n _ 2)~1[(n _ 1)'(2” _ 5)”]—14 (n—1,n-1) (n = 3) ,

(3.18)
which may be derived with the help of eqs. (A.3)~(A.5) of ref. 17.

4. The motion of particles and fluid

In this section we give expressions for the mobility and friction tensors of the
particles, as well as for the fluid velocity field, resulting from the hierarchy of
eqs. (2.5)-(2.7). We shall restrict ourselves here to the case of a motionless
container. As extension of the formulae to the case of a moving (e.g. rotating)
container is straightforward, as the fundamental eqgs. (2.5)-(2.7) are completely
general in this respect.

Substituting therefore u; =0, w,=0 in eqs. (2.5) and (2.6) and eliminating
the force K| and torque T, on the container, as well as the quantities Ff-"‘) (by
means of eq. (2.7)), one obtains linear relations between the velocities and
angular velocities of the particles on one hand, and the forces and torques
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exerted on them by the fluid on the other hand. These relations may be written

in the form

N
u=—>p K- E/LTR T,
- i=1,2,...,N. @.1)

N N
w ==y K= T,

J=1 =1
Here )" is the translatlonal moblhty tensor, u," the rotational mobility
tensor, and the tensors uu and p.U " couple translational and rotational motion.
The expressions for these mobility tensors, which follow from egs. (2.5)-(2.7),
have the same form as in an unbounded fluid (cf. egs. (I-5.16)—(1-5.19)).

oo

6ma,m,’ = 15, + Cf}‘l)Jr 2 2

Mg
Mz

= 2 m=2 =1 Js=1
-1
% Cf}l ml)© B(ml,m]) @ C/(:ljlzl m2 @ . @ B(m‘, mv) @ C/(:;X‘ 1), (42)
% o o N N
2, KR Lle o2 o 1N XY “’ LY
8’””’1“;“;#:/ - 151/ 3€. C:/i v 2./ P Z/ Z
solmg=2 - 711‘»1 7= 1
(21 my) = m { i ( ! 2.
X € : C 1 @b my,m)” @ C my, VI7)Q O d mg,mg) Gc(m a) €, (43)

hiz

R DRI R z

s=1m;=2 me=2 =1

10RO B O Gl G O B O Ol
(4.4)

© N N
Bmigul= Ci e r S 3 X 33

s=1m=2 me=2 = s
1% Cf/l] '"I)Q B(ml‘"’l) 1@ C/(;yllzl m2)® @ B(m m ) @ c](gr:,Za) ‘€

4.5)

The tensor CY"™ used in these equations (with i,j=1,2,..., N) is defined
in terms of the connectors by

(n,m) _ plnm) (n. 1) (Lmy _ (n,2a) . p(2a,m)
C,/n m _A’]n m (1 ) An A m A,S a -A()Jd m

10 A('(; 2) . A(2s m} + 2 A(” p)@ B(n P! @A(V "1) (4.6)

p=3
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The first term on the r.h.s. of eq. (4.6) reflects a hydrodynamic interaction
between particle i and particle j # i. This term is also present in the case of an
unbounded fluid, cf. paper I. The remaining terms may be seen as expressing
hydrodynamic interactions between particles i and j via the container. (Note
that these latter terms may also refer to a single particle, viz. for i = j.)

Substitution of expressions (3.1)-(3.7) for the connectors into the above
equations yields the mobilities as an expansion in the three parameters a,/a,,
a/R,, and R /a, Here R, and R, denote symbolically the typical separa-
tions of two particles and of a particle to the center of the container,
respectively. Also, a, is the typical radius of a particle and g, the radius of the
container. The dependence of the connectors on these parameters is given in
section 3 (see in particular egs. (3.12) and (3.13)).

As an aside, we note that one may easily verify that the mobilities defined in
eqs. (4.2)—(4.5) satisfy the symmetry relations')

pyt =, pR= g piT= Ak, 4.7)

where fi is the transpose of m. As in the case of unbounded fluid®), these
relations are within the present scheme a direct consequence of the symmetry
(3.11) of the connectors.

We proceed to consider the flow of fluid caused by the motion of the
particles inside the container at rest. The fluid velocity field »(r) can be
expressed in terms of the forces and torques on the particles by

o(r)=—3 §T(r) K, - 3 SX(r)- T,. (“.8)

As noted in paper III, the tensors S}T(r) and SY(r) defined above follow
immediately from the general expressions for the mobilities of N + 1 particles,
by putting R,,,, = r and taking the limit a,,— 0,

ST(")_ lim ”’NH /IRNH=r
AN+

i=1,2,...,N. (4.9)

SR(")— “:/{rrxn l‘“N+1 /IRNH r

So far, we have considered the forces and torques on the particles as given
and have expressed the velocities in terms of these quantities. Alternatively,
one may consider the velocities as given and ask for the forces and torques,
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i=1,2,...,N. (4.10)
N N
T=-240"u-20% o
=1

The friction tensors { may be obtained by inversion of the mobility tensor
matrix, or more directly from the hierarchy (2.5)-(2.7). The resulting expres-
sions for £}7, £3%, £37 and ¢® will not be recorded here, as they are identical
to those given in paper III for the case of a fluid bounded in one direction by a
plane wall (eqs. (III-B.2)-(I1I-B.5)) — with the proviso that the definition of the

tensor Cf/" ™ given in that paper is replaced by eq. (4.6) in this paper.

5. Explicit results

Substitution of the expressions for the connectors derived in section 3 into
the general formulae of section 4 enables one to calculate the (translational and
rotational) mobility and friction tensors, as well as the fluid velocity field, to
any desired order in the three expansion parameters which are*: the ratio of
particle radius to container radius (a,/a,), the ratio of particle radius to
interparticle separation (a,/R ), and the ratio of the center to center separa-
tion of particle and container to the radius of the container (R y/ay).

We give below explicit expressions for the mobilities of spherical
particles inside a motionless container, including terms of order
(ap/ao)"(ap/Rpp,)”'(Rpo/ao)’ with n+m+1<3. To this order specific hydro-
dynamic interactions of one and two particles and the container contribute.
One finds

TT _ 1,1 U, 1), A1) 2 a(l,22). pa,1)
67T77a1,"'lj - 161/ + Alj (1 - 81]) - AIO N AO/ - §A10 ‘ . AO/']
_ 10 A(125). A(2s1 1A(1L3) 4 240,3) 1 34013 3,37 2 AB,1
?Afo S)-AB/S )+(Afo )+ Azo + Afo )QB © Ao, )
2 A(1,3 3,37} 1 AG 1 1 3 a6 1 2 A(l,4) 4 47! 2 A(d,
+’AGYO BT O(AS VAR HPAGYO B YT O ALY
_ 3 -1 A o2 3 2 2\p-3/4 2 1
- 181] + [Zarle (1 + rl}rl/)_ Zal (al + a;)RU (rljrl/ _31)](1 - 61/)
9 -1, 5 2 2y -3 3 -3 2 2 19
+ 1[_ ZalaO + zax (al + a/)aO ] + iataO 1[R10+ R}O_ FRIO . R/O]
3 -3r5 11 N
+2a1a0 [iRIOR/O_TRJORlo—RtoR:O R]ORjO] P (51)
* It should be explicitly remarked, that one cannot recover the results for the influence of a plane
wall (obtained in paper III) by simply taking the limit ao— %, Rpo— o (with ay— Ry finite) in our

expressions, as our third expansion parameter would tend to unity in this limit, thereby rending the
expansion unjustified.
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8mnalapit = 15, - j€: G e(1-5,)+5e: AG ™ 1 Af*™ €
-1
—1€ PAG O B4 OAL T €

=18, +3a aR (7,7, —31)1-8,)—a’a,a;,’1, (5.2)

2 RT _ 2 ~TR __ . 2a, 1 2. 2a,2a) , 2a 1
12mma;p,; =12ma;p,” = —€: GZ*V(1~-68,))+5€: AZ a).Af)f )
) -1
~e:AGVOBYY O AN - e PAG VOB O ALY

=—3alRe-#,(1-8,)+3ala;°Ge-R,—€-R,). (5.3)
(Note the usefulness of formula (3.18) for evaluating tensor contractions in the
above equations.)

In eqgs. (5.1)-(5.3) the indices i, j=1,2,..., N label particles, whereas the
index 0 is reserved for the container. We recall the notations used: R, is a
vector, with magnitude R,,, pointing from the center of particle i to the center
of the container; R, and R ,=|R | are defined similarly for particle j; R, is a
vector pointing from the center of particle i to the center of particle j; this
vector has magnitude R, and direction 7, =R, /R ; a, and q, are the radii of
particles i and j; a, is the radius of the container; 7 denotes the second-rank
unit tensor and € the third-rank Levi-Civita tensor, with the property € :ab =
~a A b; finally, i denotes the transpose of u.

For a single particle inside the container, i = and the expressions given
above reduce to

9 5 3 9
6mnanT’=1[1-2 242 (L) - = 0. "R T 43R, Ry, (5.4)

4a, 2\a, 16

3
gmalui® = 11 (2)']. 55
a

2, RT 2-tR_2 2 3

127777“;/‘;; :1277'77‘1,/‘“ 2Zaxao G.RIO' (56)

Note that eq. (5.6) implies that a single particle i moving under the influence
of a hydrodynamic force K will acquire an angular velocity w equal to
(3/167mag) R,, A K, to the order considered. We have verified that the above
equations with R,, = 0 are consistent with the well-known’™'%) exact results for the
motion of one sphere concentric with a spherical container®.

* From Lamb’s!) solution for a spherical particle rotating inside a concentric spherical container,
one finds in fact that eq. (5.5) hplds exactly for this particular case. Within the present theory this 1s
a consequence of the fact that, if R =0, A%“'")= 0 unless n equals 2a (cf. eq. (3.14)), so that eq.
(5.5) contains indeed to all orders the contributions to the rotational mobility.
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The flow of fluid in the container due to motion of the particles follows
directly from egs. (5.1) and (5.3), by virtue of relation (4.9). We have again
verified for the case of a single particle having a common center with the
container, that our results for the fluid velocity field agree with those in the
literature™).

We remark, finally, that extensions of the formulae given above valid up to
higher than third order in the expansion parameters, can be obtained in a

straightforward way from the general results of sections 3 and 4 — by evaluating
the appropriate contractions of the connector tensors.
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Appendix
Evaluation of particle—container connectors

The evaluation of the integral expression (2.11) of the particle—container
connectors A/('(;'”‘) (with a,> R, + a,) is simplest for the case n=m. We shall
examine this case first, before proceeding to the more involved case of n <m.

We make use of the formula'®)

j dk k*17 (bk)F(k) = 276 I (p)f(0), Rep >0, (A1)
0
valid for all functions f(z) which are: (i) analytic in the right complex half-
plane, Re z =0; (ii) even along the imaginary axis; (iii) bounded for large |z
by exp(b'|Im z|), with »>b'=0. If one makes the substitutions wx = m —3,
b= a, and

a

flk)= —8% (;j)m i""2n - DNERm - HN

X j AT (1= BT e Ry k) (A2)
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in the Lh.s. of eq. (A.l1), one obtains precisely the integral (2.11) under
consideration.

We now restrict ourselves to the case [ =0, n = m. One readily verifies that
the function (A.2) then satisfies conditions (i)-(iii) above. Formula (A.1) may
thus be applied to evaluate the integral (2.11), and one finds

AT =0 ifn>m, (A.3)

n 3 N A POy
A = (L) = 1en - vipen -1y [ A E - R
v

0

=—(2)Ben. (A4)
0

The last equality in (A.4) follows from definition (2.12) of the tensor B™",

(n,n) __ _ 3 — 1)1172 ~172  pn-leq _ LONpr1
B o [@n= DU [ ak k70 [ BT -0, (a)
w

[}

upon carrying out the scalar integration').

It will be noted that the restriction n=m in the above evaluation of
particle—wall connectors is essential, as the function (A.2) has a pole in the
origin for n < m, thereby violating the first condition necessary for eq. (A.1) to
hold. To obtain the connectors for n < m as well, we proceed as follows.

We first write the integral expression (2.11) (with / = 0) in the form

m 3 a2 n+ o —-n-m
Al >=§;(a—;> (—1) 1(2n—1)u(2m~1)!1fdkjdkk‘
0

gn1 'a_r;:\
T ue @R sk ) =g (1 = k) g™ R (A.6)
12 12\% oR’; ORIy 1

We next expand the exponential into irreducible tensors™

Z( jr G2 D

( /2kr)”2.lp+l/2(kr)k”®P” (A7)

*Formula (A.7) is obtained by combining the well-known expansion®) e "=
S0 (D) 21+ l)(7r/2kr)”211+1/2 (kr)P (k- 7) with the expression for the Legendre polynomial given in
ref. 16 (eq. (4.21)): P(K - #) =[] - DWIE O F
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and substitute this expansion into eq. (A.6). The angular integration is then
performed using the result'®)

1 . a2 2
4—7;Jdk(1—k )kp=-3-15p0—EA(2‘2)5p2; (A.8)

the scalar integration is evaluated by means of formula (6.578.1) of ref. 19,
valid for ay> R ,+ a,. We thus obtain the expression

AG™ = (1)"Rn~DN@m ~ Dllalag ™ Y, X 20

p=0,2 q,5=0

g+s<m-p/2-1
X (= 1)t (p+2g+2s—DN <&>2s
qlsi(m —3p—qg—s—DIQp+2q+ DNQRn+2s — D! \q,
8"_1 3 R pN\2qtp 97!
i (18,05 P00, ) (224) " (A.9)
RI"0 2" a, OR

(The convention (—1)!! = 1 has been adopted here.)

It remains to carry out the differentiations in eq. (A.9). Let us first examine
the terms with p =0 in the r.h.s. of this equation and concentrate on the
expression

F am—l
E=o 1o i RY O=q=<m-1), (A.10)

which they contain. (To simplify the notation, the indices of the vector R, have
been omitted here.) By means of the formula

m—1

0 29 _ m—1 -1 9 \m-1 2q

— R¥=R"'(R'—) R (A.11)
oR oR

(which is a special case of eq. (A.1) in ref. 21) one finds

| s
n-1

0
2" Y m — 1) o
E =

1R"™ ifg=m~1,

(A.12)
0 ifgsm-2,

which is easily reduced to
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2" (m — D (m — n)!] 'R Q" A LEm D = — ]
E = and n<sm,

0 fgsm—-2orn=zm+1. (A.13)

Next, consider the remaining terms in eq. (A.9) with p = 2. The expression to
be evaluated is now

an—l 'ém—l 1 an—l FE;Z_‘ am—l poid
E,= ——RRR™ =—[(g +1)(g+2)]" — "
2 aRnwl E)R"'_l 4 [(q )(q )] aRn—l 8R2 aRm—l

O<g=m-2). (A.14)

Using again eq. (A.11) one finds

[
n-1 62

E2=2m_3(m_2)!ﬁn_—l—a_R_2-Rm_1R2 ifg=m-2and n<m, (A.15)
PPEIERICY
E,= 2"3(m - 3)! SR WRM_I
= 2m—3 (m B 1)'(}7! B 3)' Rm~n~2 @m-—n—ZA(m—l,m—l)

(m—-—n-2)!
ifg=m-3andnsm-2, (A.l5a)

E,=0 ifgsm-4or(g=m-3,n=m-Dor(g=m-2,n=zm+1).
(A.15b)

(We remark that it is possible to derive a general formula in which the
remaining differentiations in eq. (A.15) have been carried out. This formula is,
however, rather lengthy and will not be recorded here.)

Substitution of results (A.13) and (A.15) into eq. (A.9) gives, together with
egs. (A.3) and (A.4), the required expressions (3.4)-(3.7) for the particle—
container connectors.
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