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A previously developed scheme - to evaluate the (translational and rotational) mobihty tensors
for an arbitrary number of spheres 1n an unbounded fluid 15 extended to include the presence of a
plane wall General expressions for the fricion tensors and the filmd velocity field are also
obtained

1. Introduction

The bhydrodynamic interactions between spherical particles in a viscous fluid
play an essential role in the theory of suspensions') Characteristic of these
mnteractions via the fluid 1s their very long range As a consequence, the
influence of boundary walls on properties of suspensions can be of importance
cven 1n cases where the vessel containing the suspension i1s very large The
velocity of sedimentation, for example, becomes infinite 1n an unbounded
suspension —a paradoxical situation (noticed by Smoluchowski*)) which can be
resolved®) by accounting for the presence of the wall supporting the fluid The
cffect of boundary walls on Brownian motion has been studied experimentally
by means of light-scattering n a thin film cell®) Such wall effects may also play
an mmportant role 1n recent experiments on two-dimensional ordering of
colloidal suspensions in this geometry®)

A second consequence of the long range of hydrodynamic interactions 1s the
importance of non-additivity that two-sphere hydrodynamic interactions do
not suffice to describe diffusion 1n a suspension which 1s not dilute has been
demonstrated both theoretically’) and experimentally®) Recently a scheme has
been developed to resum the hydrodynamic interactions of clusters of 2, 3, 4,
5, spheres, and applied to a calculation of diffusion coefficient’) and
effective viscosity®), vahid up to high concentrations

The application of resummation techniques in calculating transport proper-
ties of concentrated suspenstons has been made possible by the use of general
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expressions for many-sphere mobilities in an unbounded fluid, derived in refs. 9
and 10*). (The latter paper will hereafter be referred to as L) In part II'?) of
this series the analysis given in I (performed in the static case) has been
extended to the case of finite frequencies (see in this connection also ref. 13). It
is the purpose of the present paper to extend the analysis of 1 to the case of a
fluid bounded by a plane wall on which the fluid obeys a stick boundary
conditionf.

The influence of a plane wall on the motion of one single sphere has been
studied extensively, cf. refs. 1, 14, 15 (and refs. therein); for two spheres only
partial results, for special configurations, are known'®"”). An important role in
these analyses has been played by the work of Lorentz'®"®) who obtained a
solution to the following problem: given a velocity field v(r) which is a solution
of Stokes’ equation, find a second solution »’(r) which on the plane z=0
satisfies: v, =—v,, v,=—v,, v,= v, As we shall see, this result is essential to
our analysis for many spheres as well.

In section 2 we formulate the problem of N spheres and a wall, within the
context of the method of induced forces®). Using Lorentz’ result one can
formally solve the problem in terms of force-densities induced on the surfaces
of the N spheres. In section 3 the moments in a multipole expansion of these
induced forces are determined along the lines of paper I. General expressions
for the (translational and rotational) mobility tensors of the spheres are then
obtained in sections 4 and 5 as an expansion in the two parameters a/R and
a/(R*+ 4152, Here a is a typical sphere radius and R and [ are the typical
distances between two spheres and between a sphere and the wall, respectively.
(The latter parameter may also refer to a single sphere, in which case it equals
ta/l) These expressions are extensions of those given in I for the case of an
unbounded fluid. Similar formulae can be obtained for the friction tensors (cf.
appendix B) and the fluid velocity field (cf. eq. (4.22) and ref. 5).

Explicit expressions for the mobility tensors to third order are given in
section 6; to this order the hydrodynamic interactions between at most two
spheres and the wall contribute. Should the need arise to obtain results valid up
to higher order in the expansion parameters, then such extensions can be
obtained in a straightforward way by evaluating contractions of tensors whose
expressions are given in this paper. All results and notations relevant to the
reader not interested in the derivation or such extensions are summarized in
section 6.

* A formal treatment of many-sphere hydrodynamic interactions has been given by Yoshizaki and
Yamakawa'l).

T If the wall is replaced by a plane free surface (on which a perfect slip boundary condition holds), the
results of I may be applied at once: it is sufficient to consider the influence of image spheres, reflected
with respect to the surface (cf. ref. 1).

4.

L
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2. Formulation of the problem using induced forces

We consider N macroscopic spheres of radii @ (j = 1,2, ..., N) immersed in
an incompressible fluid with viscosity 7. Contrary to the case considered in
paper I, we will include in our analysis the presence of a single infinite plane
wall. We shall represent the position of this wall by r -/ = 0, where A is a unit
vector perpendicular to the wall. The centers of the spheres have positions R,
and lie in the halfspace r- A > 0.

The motion of the fluid in the halfspace r -2 > 0 obeys the quasistatic Stokes
equation which — within the context of the induced force method®™) - reads

Vp(r)— nAv(r)= 3 F(r)

J=1 forr-a>0. 2.1
V-o(r)=0
Here »(r) is the velocity field and p (r) the hydrostatic pressure. The induced
force densities F,(r) (j = 1,2,..., N) are to be chosen in such a way that
F(r)=0 for|[r-R|>a,, 2.2)
v(r)=u+w r(r—R) forlr—R|<a, 2.3)
p(r)=0 for|[r-R|<a, 2.9

so that eq. (2.1) reduces to the homogeneous Stokes equation within the fluid,
supplemented by stick boundary conditions on the surfaces of the spheres. In
eq. (2.3) 4, and e, are the velocity and angular velocity of sphere j, respec-
tively. On the fixed wall we also prescribe stick boundary conditions™*

v(r)=0 forr-a=0. (2.5)

It follows from the above equations that the induced forces are non-zero on
the surfaces of the spheres only and are of the form

F(r)=a; f,(ﬁ,)8(|r - R]| -a), (2.6)

with 7, a unit vector normal to the surface of sphere j and pointing outwards

* We remark that boundary conditions (2 3) and (2 5) uniquely determine the pressure on the
surfaces of the spheres and on the wall
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(cf. ref. 20). In the remainder of this section we shall construct the solution
v(r), p(r) of eq. (2.1) and of boundary condition (2.5) on the wall, in terms of
these — as yet undetermined — induced forces.

We first note that the solution v,(r), p,(r) of eq. (2.1) for all r satisfies the
homogeneous Stokes equation for r-a <0 by virtue of the fact that the
induced forces are zero outside the spheres and the fact that all the spheres lie
in the halfspace r - > 0. We now pose the following problem

Vp(r)— nldo(r)=0

} forr-n <0, @.7
V-v(r)=0
v(r)=—-8-v,(r) forr-Ai=0, (2.8

where 8- v,(r) is the reflection with respect to the wall of the vectorfield v,(r)
defined above, that is to say

S=1-2dn. 2.9)

Here 1 is the unit tensor. The solution vy(r), p,(r) for r-i <0 of problem
(2.7)-(2.8) is given by Lorentz'®),

v (r)y=—-8 v,(r)=2(r-#)Vo,(r)-i+n '(r i)Y Vp(r), (2.10)
p(r)=p()+2(r-aYa-Vp(r)—4ni-Vo(r)-ii. 2.11)

That v,(r) given by eq. (2.10) satisfies (2.8) is obvious; using the fact that v,(r),
p.(r) satisfy eq. (2.7), one may verify by substitution that v,(r), p,(r) are also a
solution of eq. (2.7).

It is not difficult to see that vy(r), ps(r), given by

v3(r)=8-0,(S-r), pyr)=pAS-r), (2.12)

are for r+A >0 a solution of the homogeneous Stokes equation, with v,(r) =
—v,(r) on the wall. For every set of induced forces the solution »(r), p(r) of
(2.1) and (2.5) is therefore given by the sum

v(r)=vi(r)+oy(r), p(r)=pr)+psr). (2.13)

In order to give an expression for v(r) and p(r) in terms of the induced
forces, it is convenient to introduce Fourier transforms of fields defined for all
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r, as for the velocity field

v,(k)= f dre ™ v,(r) (2.14)

and similarly for the pressure field. The Fourier transform of an induced force
density F,(r) is defined in a reference frame in which sphere j is at the origin

F (k)= J dre™* " RF(r). (2.15)
In wavevector representation one then has

N
1kp (k) + nk’v (k)= >, e FF (k), (2.16)
=1

k-v,(k)=0, 2.17)

with k =k|. If one contracts both sides of eq. (2.16) with the tensor 71— kk
(where k = k/k is the unit vector in the direction of k) one obtains with eq.
2.17)

nkv,(k)= > e™ ®(1 - kk)- F (k). (2.18)

j=1

Similarly, a contraction of eq. (2.16) with k gives

ikp,(k) = % e Bk F (k). (2.19)

j=1

Eqgs. (2.16) and (2.17) therefore have a solution

N

v(k)y=7"> e Bk X(1-kk)- F(k), (2.20)
1=1
pk)=—1> e™®k'k-F (k). (2.21)

j=1

According to eq. (2.10) one has for v,(k)
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vz(k)=—S-vl(k)+2ﬁ-;E[ﬁ-vl(k)k]—in"‘ﬁ- i-—[kp,(k)]. (2.22)

0
dk

=

Substitution of egs. (2.20) and (2.21) into cq. (2.22) yields an expression for
v,(k) in terms of the induced forces.
From eq. (2.12) one readily finds

v3(k)= S - 0,8 k). (2.23)

The solution v(r) of eq. (2.1) with boundary condition (2.5) on the wall —for
given induced forces —is therefore, according to eq. (2.13), given by

o(F) = oy(r) + Cm) f dk e*"[o,(k) + (k)] , 2.24)
with
v,(k)+ vy(k)=n"" 2 {e"""R/k’z(1 — kk)- F,(k)

—e SR — (S kYS - k))- F(S k)

2 X o

~2h-— [e™ SRk ki - (1= (8- k)(S - k))- F(S - k)]

ch L ek R (S k)]} _ 2.25)
ok ok !

In eq. (2.24), vy(r) is a solution of (2.1) and (2.5) in the absence of induced
forces on the spheres and is therefore the velocity field unperturbed by the
presence of the N spheres. For convenience we shall assume that the un-
perturbed fluid is at rest,

vy(r)=0 (2.26)

(see however in this connection the concluding remarks of paper I).

We shall now proceed to determine the induced force density on the surfaces
of the spheres which follows from the requirement that v(r) satisfies stick
boundary conditions on these surfaces. Note that for this purpose knowledge of
the pressure field p (r) is not required.



MANY-SPHERE HYDRODYNAMIC INTERACTIONS 111 457
3. Determination of the induced forces
To determine the induced forces on the surfaces of the spheres we shall use

the general scheme developed in paper 1. By analyzing the velocity surface
moments

e
o P
n,

S, [ —
v(r) = @ma’)'a;? J' dr(r—RYvo(r)d(r—R|-a), (3.1
one obtains a hierarchy of equations for the irreducible force multipoles
(p+1) — - - T _ —1 Nrv PO
Fo=a7 () [ arr=RY E(r)= (P [ di 77 5(4) (32)

In the above equations the notation b’ denotes an irreducible tensor of rank P
(i.e. a tensor traceless and symmetric in any pair of its indices) constructed
from the p-fold ordered product of the vector b*. We shall give an outline of
this procedure below. For a more elaborate exposition one is referred to paper
I.

Since v(r) should satisfy eq. (2.3) on the surface S, of sphere j, one finds for
the velocity surface moments (3.1) the set of equations

N

s, s =
o(r) =u, ﬁ]v(r)'=%aje-wl, ﬁj’v(r)/=0 (r=2). 3.3)

Here € is the Levi-Civita tensor.
The induced force may be written in terms of the irreducible force multipoles
(3.2), by means of the expansion (paper I, appendix A)

= " sinak

Fl)=3 @p+ 1) ( —f) O F&, (3.4)
g 520 a(aky ak !

Here 2p+D!=1-3-5-...-@2p—-1)-(2p+1) and the dot © denotes a full

contraction of the first p indices of F*? (which is a tensor of rank p + 1) with

the p indices of the tensor between brackets. The surface moments (3.1) may
also be written as

*For p=1, 2, 3 one has e.g. (cf. ref. 21)

L

’I—)‘” = b;u bubu = bubv - %bzauvy Zﬂ.bvbA had b,,,byb;\ - §b2(8,,,,bA + S“Ab,, + 5,,/\bﬂ) ,

where b =|b| and g, v, A denote cartesian components.
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— s] ap Sin ak

- _ -3 kR,

AT o(r) | = (-i)Qm) f dk (a wr Tki) (k). (3.5)
We notice here the useful identity®)

¥ sink

- = kP (—1)j,(k), 3.6

= P 0) (36)

with j, a spherical Bessel function®.

If one evaluates the surface moments (3.5), using eqs. (2.24)~(2.26) and (3.4)
and equates these moments to the values given in eq. (3.3), one obtains the
following hierarchy of equations (i = 1,2,...,N)

Smnag, =3 5, (AL + I O FD,
J=1 m: ]
6male-w, =y, > (AP + WMo F™, (3.7)
.. j=1m=1
0=3 3 A"+ WO F™ (n=12s,3,4,...).
=1 m=1
The so-called connectors Afl"'"’) and Wf]"‘"') are defined by

AC™ 27724 (<) Qn ~ 1)1@m — )11 f dk ¢ ®-R)

X k%, (k) (k) €7 (1~ RRY K™ (3.8)
Wem = 357 g (i7" @6 = DIRm — 1! f dk e*®
X jur(ak) k(1= (8- RXS KNS - By e B, (ak)

#2- [k (1= (S KXS BN (S B Te Bk, (ah)]

,\‘i ‘.i 0 A L pyn-t —|l;-S-R,- }
+n ok n 3k [k(s k)(s k) < ]m—l(a]k)] ’ (39)

* The function j,(x) is related to the Bessel function of order p +3 by J,(x) = G7/x) 2 s 1(x).
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where we have also made the substitution (3.6). The dot © in e.g. Af]""") O] Ff”')
prescribes an m-fold contraction with the (nesting) convention that the last
index of the first tensor is contracted with the first index of the second tensor,
etc. For example

(AP O F®), = AW FO (3.10)

By

The connectors Af]"'”') and Wf/""") defined above are tensors of rank n+m
which are irreducible in their first n — 1 and last m — 1 indices. The connectors
A do not depend on the position of the wall and were given in paper I where
the case of an unbounded fluid was considered. The stick boundary condition
(2.5) on the wall is accounted for by the connectors W. In eq. (3.7) we have
decomposed these connectors for n = 2 as follows

@m) _ p@am) | ACsm) 2m) — pyam) L paresm)
A= AT+ AT, Wf] = W2+ Wi (3.11)

where A®™, W™ are antisymmetric and A% ™, W®™ are symmetric in the
first two indices. We remark that both A%™ and W®™ are traceless in the first

two indices. This property follows from the fact (cf. paper 1) that in view of eq.
2.D

A-o(r) ! = (dmad)’ f dr¥-o(r)=0, (3.12)
|r~Rj|=<aq,
irrespective of the boundary conditions.

As in paper 1, it is convenient to separate the set of connectors A —which
do not depend on the positions of the spheres — from the connectors Afj""") with
i # j. We therefore define

(nm) _ __ plnm) (nom) _ aA(nm)rq _ (n,m)
B"m =AY, CrM=APT(1-8,)+ WP (3.13)
According to eq. (3.8), B™™ is given by

B®™ = 277(n — 1)112m — DI(=i)"" f AR (1 - ki) k!
% [ ks (K8 (3.14)
0

Obviously, B®™ =0 if n is even and m odd, or the other way around, since in
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that case the first integrand is an odd function of k. On the other hand, if both
n and m are even or odd, the k-integration gives zero for n # m, by virtue of
an orthogonality property of Bessel functions®). One therefore has

B" =0 ifn#m, (3.15)

as asserted in paper 1.

4. Sphere mobilities and fluid velocity field
The force K, and torque T, exerted by the fluid on sphere j are given by
—IdSP(r)-ﬁ], T]=—JdS(r—R])/\P(r)-ﬁ], 4.1)
S S

where the pressure tensor P has components

ov d
= pb,, - n( v +—”“> . 4.2)
8r# or

v

In terms of multipoles of the induced force one has (cf. eqs. (I-3.10)-(1-3.12))
) — a) _ -
FV=-K, F®=-Qa)'e T, 4.3)

where Fﬁz") is the antisymmetric part of F;z).
Using eqs. (3.13), (3.15) and (4.3) one may write the hierarchy of equations
(3.7) in the form (i=1,2,..., N)

N
6mau, = -K, - > CH - K — 2(2a) 'l e- T
=1

o
!

-3

J=lm=2

CS}’M) @ FEm) ,
(4.4)

N N
R2maje, =23 €: CPY. K —32a) 'T,+ Y (2a) 'e: C*™ . ¢- T

J
7=1 J=1

||Mz

2 €: Cflza"") ©) Ff'"),
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B("vm) '0) FE") - _ 2 C(" ,1) K 2 (2a) C(nZa) €- T

1=1

|\M8

CrMOF™M (n=253,4,..). (4.4) contd.

These equations have the same form as eqgs. (I-5.2)-(I-5.5) for the case of an
unbounded fluid.
In the above equations use has been made of the formulae

B(l,l) - _ 1 , B(2,2) — B(Zs,Zs) + B(2a,23) ,

4.5)
B®®) . FO = _3F® = ¢.e=-21,

cf. paper I. Furthermore, we have denoted by C"* and C** those parts of
the connector C™? which are respectively (traceless) symmetric* and
antisymmetric in the last two indices. The prime in the sum over m in eqs. (4.4)
denotes a summation over all integer values m =2 with the proviso that for
m = 2 only the symmetric part of the connectors and multipoles is included in
the summation, e.g.

2_ com O F = ¢, F@9 4 2 com O F™ @.6)

m=3

Using the hierarchy of equations (4.4), one may formally eliminate F® and

F®™ (n=3) in the first two equations in favor of K and T. This procedure leads
to linear relations of the form (i=1,2,..., N)

N N
u==>p K-> kT
Jj=1 =1
N 4.7)
=->uy K- Zu“ T,.
J=1

Here u," is the translational mobility tensor, mi" the rotational mobility
tensor, and the tensors u? and uz‘T couple translational and rotational motion.
The expressions for these mobility tensors, which follow from egs. (4.4), have
the same form as in an unbounded fluid (cf. eqs. (1-5.16)—(1-5.19)1)

*The fact that C™? 1s traceless in the last two indices follows from the symmetry of the
connectors discussed below, and from the fact that C%" is traceless n its first two indices (cf.
section 3).

T There is an obvious misprint in eq. (1-5.19): for A(m’ one should read A(m’ 2. e
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o ® © N N
6magu, = 18,+C{O+> > - 22 El---zl
ms=< 1= Is=

s=1m;=2

clm @ Bmm O ¢imm @ . O B™mT O ¢,

J1 nn Js)

(4.8)

M s
M=

2 RR _ L. a2y, o _ 1
8ma;ap, = 15, —3€: Cf, t€—3

o , © , N
1 my=2 mg=2 n=1 1

s Is

€: CEIZIa,ml) ©) Bmemy! ©) c%;vmz) O...0 Blmsms) ! o) cgr;ﬂa) '€,
4.9)

@ w o N N
! 7
2malu, =-€: CH*-F > - 3 > X
s=1m=2 mg=2 j;=1

Js=1

€:CPm O B™™T O ¢ O ... O B™™T O e

1 nin Is/

4.10)

™M =z

TR 1.2a) g . =y
Ranaap,t=Cl*™: e+ >, >
mg=2

s=1my=2

N
Js=1

1

il

N

cim O BT O Crm O L. O BUT O €O ke
(4.11)
Here B™™" is, for n =3, the generalized inverse of B®™ in the space of
tensors of rank » which are irreducible in their first n—1 indices. (The
existence of this inverse was demonstrated explicitly in ref. 7.) For the case
n = 2s one has, cf. paper I,

Csjm.zs) . g2 _%CEIm,ZS) ) 4.12)

It follows generally from the Stokes equation with stick boundary conditions
that the mobilities defined in eq. (4.7) have the properties')

By =R m =, plT= AR, (4.13)
where fi, is the transposed of g, Within the present scheme these symmetry
relations are (as in the case of an unbounded fluid) a direct consequence of the
symmetries of the connectors

@, AP™ = g, AT g W™ = a WO (4.14)

Y
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Here T is the generalized transposed of a tensor T of arbitrary rank p,

( )#1#2 #p—wa (T)#p#p—l mopy " (4‘15)
That the connectors A satisfy (4.14) is evident from their definition (3.8). It is
possible to write also expression (3.9) for the wall connectors W in a manifestly
symmetric form.

The velocity field of the fluid at point r may similarly be expressed in terms
of the forces and torques exerted by the fluid on the spheres

o(r)= -3 ST(r)- K,— 3, 88(¢) T,. / (4.16)

The tensors 8)(r), $;(r) defined above (which were not considered in paper I)
can very simply be derived from the general expressions for the mobilities for
N + 1 spheres by putting R,, = r and taking the limit ay,;— 0 (cf. ref. 5),

S]T(r): lim u}lu

an+1~0 Ryi1=r .

h ML j=1,2,...,N. 4.17)
S¥(r)= lim mpy..,

aN+1~0 Ryyi=1

These formulae are based on the idea that the velocity field can be probed with
the aid of an infinitesimally small test sphere. In view of this obvious physical
interpretation, the (straightforward) formal proof of eq. (4.17) is omitted.

5. Evaluation of the connectors

General results, useful for an evaluation of the connectors Afj'""’), have been
given in paper I. By an extension of these arguments we shall give below
explicit expressions for these connectors®, as well as for the wall connectors
Wf,’""‘). One then has explicit expressions for all the connectors appearing in
formulae (4.8)-(4.11) for the mobilities.

Definition (3.8) of the connector Af,"‘"‘) may be written in the form

n,m - n ran_——l‘ (i am-l
A"™ =310, (-1)"2n — 1)112m — D! f dk — (1 - kk) T e Ry
—(n+m): . y v
X k™ (k)i (@), (.1)

* Simular expressions have also been obtained by Tough®).
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where R, = R — R,. Expanding the Bessel functions around k = 0 one may write

(271 - 1)!!(2"’1 - 1)!!k_(n+m+l)jn—l(alk)jm—l(a/k)
2 2

n-1_m-1y.-3 2 i a
= = + + Rk .
a ek [ g <2n+1 2m+1>] ) 62

where %2(z) is analytic in the complex plane and bounded for large |z| by
expl(a,+ a)z[].

That R (k) gives a vanishing contribution upon integration to A, if i #j may be
seen as follows™: upon substitution of eq. (5.2) into eq. (5.1) one finds that this
contribution is of the form

®

j dk(1 — kk) e Bk (k) = 2 f dk (1k2 “igk),  (53)

R

i Yy

92 )sm kR

where R, =|R,| and we have used the fact that % (-k)= % (k). The integral in
(5.3) equals zero if i #j (in which case one necessarily has R, >a,+q), as a
consequence of the Paley—Wiener theorem (cf. e.g. ref. 25).
One therefore has the result (cf. paper I)
(n,m) _ (n,m) n,m ; :
AP = G + Hfl ) G #)), (5.4)
with

n-1 A a  am-1
a 1+7F 0

G(nm) 1 n+1 a’ m 1 , )
( ) ‘ ] R:;_l Rx] aRZv«l (5 5)
2 2 on-1 2 m-1
a a 0 a° 0
H(nm) —1 n m- 1( 1 + Ji > R—l S.
( ) S on 1 2m 1 AR, OR% AR Y (56)
where use has been made of the formulae (valid for r # 0)
f dk e™*7 (1 — kk)k ™2 = w*(1 + ##)r ', (5.7)
. 9°
f dk e ™ 7(1 - kk)= 27725—5 rt. (5.8)
r

* This was asserted in paper I from an mcomplete argument.
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In the above equations 7, = R /R, and 7 = r/r are unit vectors; the arrow <— on
a/aR in eq. (5.5) mdlcates a dlﬁerentlatlon to the left.

In order to simplify the expression for H we note that since (3/9r)-
(8/dr)r™' = 0, one obviously has

ap 1 ap 1
—_—y =7, 5.9
or’ or? (59)

Using this identity together with the formula®)

P

a 1
— rl= (1P @p - DO ER (5.10)

one obtains from eq. (5.6) the final result

2
a 2

_’_+ _aL_> (2n +2m — 1)”R (n+m+1) An+m ,

H(n,m) — (_1)m %anam—l (
v ' 2n+1 2m+1

4 ]
(5.11)

derived before in paper 1. The differentiations in expression (5.5) for the tensor
G may be carried out in a similar general way; for many purposes, however,
the form (5.5) is as convenient.

The above results for the connectors Af]""") are valid only for i # j; for the
case i = j, general explicit expressions for the tensor B™" = —A"™" (and for its
inverse) have been obtained in ref. 7.

The evaluation of the wall connectors W (defined in eq. (3.9)) proceeds along
the same lines as the evaluation of A given above. Here too, only a few terms
in the expansion of the Bessel functions in (3.9) in powers of k give a nonzero
contribution upon integration. After some algebra (cf. appendix A) one obtains
the result (valid also for i =j)

,m) (nm) 4 byas(nm) (n.m)
Wsjnm _aWUnm + W’]nm +cWUnm , (512)

with the definitions

3 3T ?
awfnm): _ln_anam—l[ <S”‘2I—A>
N T "R,

n-2 'a_m—l

+ 2(n - 1) n—— R 2 :| . (1 +r,,s x/\)szs a(s . R,]S)m_l

Ys Ys
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+ (- 1)"'— rarTiR D [(2n+2m—1)”(l/RUs)

Ys lls

+2(n—-1)(2n+2m - 3R, IA(n loY T Chtm-T

+(n—D(m-2)2n+2m—-5NA"""D O an A"“" 2] o pmm
(5.13)

—
n-1 2

< - (1+ 7, )R,

bw(nm) _1 n+2 m- 12 +1—
"= ) ( ) aR"laR2

Sm-1

s 1m_ n mlR (n+m+1)2 +2m - 1N
TR B @n +2m 1)

2 2

1 a a
2 + 1 1.2 An+m (mm)__( 1 + ] ) an+m (m+1i,m+1)
[(" yah O T tama 1) e O

2

a 2
+< 1 _ a )((2n+2m+1)lR lA' An+m+1 QE(mm)
2n+1 2m+1

+(n-DA" VO A - A”*"’) ©) z“"”’)] (5.14)
Wom = (- 1)'"“ ar?a RTI2n 4 2m +3)12n + 1) 2m + 1)

X f Py O 30 (5.15)

In the above equations the vector R, = § - R, — R, points from sphere i to the
mirror image with respect to the wall of sphere j (the reflection tensor § was
defined in eq. (2.9)); this vector has magnitude R, =(R}+4L1)" (where
l,=#-R, and | =7 - R denote the distances of spheres i and j to the wall) and
direction 7, =R, /R, . The tensor 3@ of rank 2n is an n-fold ordered product
of the tensor S,

3 S Sy, .S, (5.16)

31 Hpy V1 Vn Hivp ™ p2Vp-1 Hn¥1

The tensor 4®™ of rank 2n is a tensor which projects out the irreducible part
of a tensor of rank n:

A(n,n) O =bp0 A('l,").__ F (517)
For n =1, 2 one has e.g.*")

AS;})ZS A(22) = 8 S, + 5 - 8 ) (518)

JT7 HVKA [TTad? WYUKA
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The dot O is used in egs. (5.13)~(5.15) in conjunction with the tensors 3™
and A®™" (n=1,2,...) defined above, to denote an n-fold contraction (with
the nesting convention, cf. eq. (3.10)).

Substitution of the above expressions for the connectors in equations (4.8}
(4.11) yields the mobilities, or (with eq. (4.17)) the fluid velocity field as an
expansion in the two parameters a/R and a/R,= a/(R*+ 41°)"?; here a is the
typical radius of a sphere and R and [ are the typical distances between two
spheres and between a sphere and the wall, respectively. The dependence of
the connectors on these two parameters is as follows™:

G(n,m) o (a/R)n+m—1 , H(n,m) o (a/R)n+m+l , aw(n,m) o (a/RS)n+m—1 ,
(5.19)
bw(n,m) o (a/Rs)n+m+l , cw(n,m) o (a/RS)n+m+3 ,

hence products of connectors with small upper indices n and m give the
dominant contributions.

6. Explicit results

Equations (4.8)~(4.11) and (4.17) together with the expressions for the
connectors Af]'"'") i#1J), Wf]’""') and B™"™" given in section 5 and in ref. 7 enable
one to calculate the (translational and rotational) mobility tensors, as well as
the fluid velocity field, to any desired order in the two parameters a/R and
a/R,= a/(R*+ 41}

In paper I the mobilities in an unbounded fluid were evaluated explicitly up
to and including terms of order (a/R)’. To this order hydrodynamic interactions
between two, three and four spheres contribute. The fluid velocity field in an
unbounded fluid to this order follows directly from these results, by virtue of
eq. (4.17). We shall give below explicit expressions for the mobilities in the
presence of a wall, including terms of order (a/R)"(a/R)" with n+m <3. To
this order specific hydrodynamic interactions of one and two spheres and the
wall contribute. One finds:

6mna,p,’ = 18, + G0+ HD)(1-8,)+ WD+ Wi

=15, + (aR,\(1+#f,)—ja(a’+ a)R(FF, —3D1 - 5,)

y
—3aR;\1+F, 7, —2IR; A+ 2IR; A7, +21]R;}

LY s s

* The wall connector W, may also refer to a single sphere, which 1s the case 1f 1 = The variable
R, then reduces to 2/, and the expansion parameter a/R; 1s therefore 1a/l in this case
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x (1 24k~ 3¢, F ) +3a,(a’+ a)R (7, 7, —51)
~32a(a*~a )R o (P, A+ LAf )+ SaR; o (afl, + a]zl,)

X (I, + 1)(1 = 24 - 57,7, ), 6.1)
8mnalauy” = 18, e : [GP* (1~ 8)+* W] : €

=13, +%a,2a]R, (G ‘1)(1 8,)— azarR sl fy 31
+2(,+1YR ;521 = 2(F, A BYF, AR, 6.2)

us.—-

T_ 2 ~TR _ (2a1) agas(2a,1)
12mnalp)’ = 12mal i, = —€ :[G; (1 - 8,)+*W;*7]

= —%a,le_lze ,(1—8,)+ 2a2R e - .+ 2LR, (e i — 3(R, A A)F)] .
6.3)

We list below the notations used:

R’E|R—R|’ L=n-R, l/Eﬁ.R/’ fx/E(R/_Rx)/R

R,=[8-R -R|=(R}+4l])y*, + =(S-R-R)R,,
r’s] = (R] - s ) R‘)/R is = r’]s+ Zﬁ(l’ * l/)/R

/K

Ys ?

the unit tensor and the Levi-Civita tensor are denoted by 7 and € respectively;
f denotes the transposed of pu.

The expressions for the mobilities given above reduce for i=j to the
well-known results"'*") to order (a/!)’ for a single sphere at a distance / from a
plane wall*. Note that to this order there is no coupling between translation
and rotation for a single sphere (u~" is in fact of order (a/I)").

The fluid velocity field follows directly from egs. (6.1) and (6.3) by virtue of
relation (4.17). One then finds to third order the fluid velocity field due to the
motion of a single sphere in the presence of a wall.

The calculation of higher order contributions to the mobilities and the fluid
velocity field is within the present scheme elementary, in the sense that only
differentiations and tensor contractions are required. To fifth order e.g., ;L,T]T is
given by

6mna, ,L,, =15, +AlO(1-5,)+ WP

+ 2 (G4 - 5,)+*Wy™): B® 7 ((GEP(1-8,))+° WD) (6.4)

k=1

* We have m fact verified to order (a/l)’ the agreement of our expressions for a single sphere
with results from the Iitterature
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and contains specific hydrodynamic interactions of up to three spheres and the
wall. The explicit expression corresponding to eq. (6.4) is however very lengthy
and will not be recorded here.

7. Concluding remarks

Using a result due to Lorentz'®'®) we have extended the scheme developed in
paper I'’) —to evaluate the mobility tensors for an arbitrary number of spheres
in an unbounded fluid ~to include the presence of a plane wall. The fluid
velocity field can be obtained from these mobilities by a simple relation (eq.
(4.17)). Friction tensors, on the other hand, may be found by inversion of the
mobility tensor matrix — or more directly from the hierarchy of equations (3.7).
In appendix B we give the expressions for the translational and rotational
friction tensors, and consider also the case of freely rotating spheres.

The friction tensors for a system of two spheres and a plane wall have been
studied by Wakiya'®), for the case of two non-rotating spheres moving with
equal velocities in the plane which is perpendicular to the wall and passes
through the centers of both spheres (that is to say w,= @, =0; u, = u,=u; u, A
and R,, coplanar). His explicit expressions (to lowest order) agree with those
resulting from the general formulae in appendix B. Vasseur and Cox") have
investigated the lift forces (i.e. the components of the forces perpendicular to
the wall) on two freely rotating spherical particles, moving in the same
direction parallel to a plane wall. They included in their analysis the effect of
the non-linear convection term in the Navier-Stokes equation. We have
verified that the results of Vasseur and Cox agree with ours in the limit of zero
Reynolds number.

In our treatment we have assumed that the unperturbed fluid is at rest (cf.
eq. (2.26)). The generalization to the case that v, is an arbitrary non-vanishing
solution of the quasi-static Stokes equation (with v;=0 on the wall) is,
however, straightforward — as pointed out in paper I (section 7) for the case of
an unbounded fluid*.
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Appendix A. Evaluation of the wall connectors

Upon partial integration eq. (3.9) for the wall connector W may be written as

W™ = —im%a,(-i)" " (2n - DIE2m — D! J dk e CE)_ (k)

-2 m _ LN fm1 (m+1,m+1)
x k2 (ak) B (1 - kY E"T O3

0 T~ 1A P~
L2k [(5;+ iR,)j,,_l(a,k)k"‘l ]kﬁ (1 - kR Em1 o stmm

0 a e YA
+ A [( +2iR 2 R,R,)j,,_l(a,k)k"_l]k i 1@2“‘""}

ok ok ok
(A1)
where we have used the formula
(S-B)y" = k" © 3mm (A2)

(with the tensor 3 defined in eq. (5.16)). The dot in e.g. © ™™ denotes an
m-fold contraction (with the nesting convention, cf. eq. (3.10)). To perform the
differentiations between square brackets in eq. (A.1) the following formulae
are helpful

0 vy N
i BT = k7 - DR - BT (A3)
. 0 n J ’T.Tl 9 " ~\2 ey n A A
n-an-ﬁk” =k (p—Dl((p+ DA - kY — 1)k = 2(p — 1) - k) AkP™?
+(p—2) Rk ). (A4)

By virtue of the Paley-Wiener theorem®), only a few terms in the expansion of
the Bessel functions in eq. (A.1) in powers of k give a nonzero contribution
upon integration; these remaining contributions may be evaluated with the
help of formulae (5.7)-(5.10). Collecting terms of the same order in R, =
|S - R — R/ gives the result (5.12)~(5.15).
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Appendix B. Friction tensors

The friction tensors are defined as follows (i =1,2,..., N)

2 et w),
(B.1)

-
-2
_

T==2" u+" ).

J=1

By elimination of higher order multipoles of the induced force in the hierarchy
of eqs. (3.7) one obtains for these tensors the expressions

(6mma) 'L =15, C) - 2 2

CLm O BMmMT O Cim O L0 B @ oY, (B.2)

n nn

© © 0 N N
(87Tna,a]2)_1_l,'u 15, +i€: C(Z”"). >SS > S >

€:C%m O gmmyt o ¢ o @ BMmT O € e, (B.3)

) ni IsI

(47.”7(1 )gRT_e C(Zal) EZ— i 22

(2a,my) (my,mp)~1 (my,m3) mg,mg)~1 (mg,1)
Cln ©B © CJ112 O...08 © C/;} ’ (B4)
© 0 © N N
2v-1 4TR _ 1,2a) .
(47T7761,) §‘] __cfl a -E_Z 2 2 22
s=1 m=1 mg=15=1 Js=1
(1,my) (mymy) 1 (my,mz) (mgmg)~1 (my,2a)
Clm @ B ' @ Cmm O . O BT O C P e, (B.5)
with the convention
2) . 21 10 ,25) __ 2 g~(n22)
CyD: B =-3C7* -3C) (B.6)

(cf. egs. (4.5) and (4.12)). The above equations are the analogues for friction
tensors of eqs. (4.8)-(4.11) for mobilities.

It is evident from the above expressions (using property (5.19) of the
connectors) that the dominant n-sphere contributions to the friction tensors are
of order (a/R)*' and are due to sequences C*V-C®V.....C™Y, ie. to
monopole-monopole interactions. In contrast, the dominant n-sphere con-
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tributions to the mobihities are (as noted in paper 1) of the higher order
(a/R)**® and are due to sequences C"%)- C*™. C*Y, 1e (essentially) to
dipole—dipole 1interactions

To conclude our discussion of friction tensors we consider freely rotating
spheres In this case the torques on the spheres are zero and one can eliminate
therr angular velocities to give

K=-210"u (B7)

The free-rotation friction tensor {5 may be determined by inversion of p?;r (this
was done to order (a/R)’ in ref 9), or directly from the hierarchy (3 7) The
resulting expression for {5 in terms of the connectors 1s 1dentical to expression

(B 2) for £, with the proviso that convention (B 6) 1s now replaced by

cy? B =—hoy, ©9)

excluding the antisymmetric part

References

1) J Happel and H Brenner, Low Reynolds Number Hydrodynamics (Noordhoff, Leiden, 1973)
2) M Smoluchowski, Bull Acad Sc1 Cracow 1a (1911) 28
3) AJ Hurd, WJ O’Sullivan and R C Mockler, 4th Intern Conf Photon Correlation Tech-
niques in Flud Mechanics, W T Mayo and A E Smart, eds (Stanford, 1980)
4) N A Clark, BJ Ackerson and AJ Hurd, Phys Rev Lett 50 (1983) 1459
5) CW1IJ Beenakker and P Mazur, Phys Lett 91A (1982) 290
6) PN Pusey and W van Megen, J de Phys 44 (1983) 285
7) CW J Beenakker and P Mazur, Physica 120A (1983) 388, 126A (1984) 349
8) CWJ Beenakker Physica 128A (1984) 48
9) P Mazur, Physica 110A (1982) 128
10) P Mazur and W van Saarloos, Physica 115A (1982) 21
11) T Yoshizaki and H Yamakawa, J Chem Phys 73 (1980) 578
12) W van Saarloos and P Mazur Physica 120A (1983) 77
13) 1T Prefikowska, Archives of Mechanics 33 (1982)
14) AJ Goldman, RG Cox and H Brenner, Chem Eng Sc 22 (1967) 637
15) R G Cox and H Brenner, Chem Eng Sci 22 (1967) 1753
16) S Wakiya, Res Rep Fac Eng Nugata Umiv 9 (1960) 31
17) P Vasseur and R G Cox, J Fluid Mech 80 (1977) 561
18) H A Lorentz, Versl Kon Ned Akad Wetensch Amsterdam 5 (1897) 168
19) H A Lorentz, Abhandlungen uber Theoretische Physik I (Teubner, Leipzig, 1907)
20) P Mazur and D Bedeaux, Physica 76 (1974) 235
21) S Hess and W Kobhler, Formeln zur Tensor-Rechnung (Palm und Enke, Erlangen, 1980)
22) P Mazur and A J Weisenborn, Physica 123A (1984) 209 appendix A
23) IS Gradshteyn and 1M Ryzhik, Table of Integrals, Series and Products (Academic Press,
New York, 1980), eq (6 538 2)
24) RJ A Tough, private communication (1983)
25) H Dym and H P McKean, Fourier Sertes and Integrals (Academic Press, New York, 1972)
26) CWJ Beenakker and P Mazur, to be published



