~- - -

e

COMNNATORKA COMBINATORICA 10 (4) (1990) 333-348

Akadémiai Kiadé — Springer-Verlag

KORKIN-ZOLOTAREV BASES AND SUCCESSIVE MINIMA OF
A LATTICE AND ITS RECIPROCAL LATTICE

J. C. LAGARIAS, H. W. LENSTRA, JR. and C. P. SCHNORR*

Recewed June 9, 1986
Reuvised March 17, 1989

Let A\, (L), A\,(L*) denote the successive minima of a lattice L and its reciprocal lattice L*, and
let [by,. .,bn] be a basis of L that 1s reduced in the sense of Korkin and Zolotarev. We prove that

[4/(+ 3)A (D)% < b * < [(2+ 3)/4A(£)? and by Ay o1 (L%)% < [(e 4 3)/4]((n — 2 + 4) /4],
where 5, = min{y, : 1 £ < n} and 7, denotes Hermite’s constant. As a consequence the
inequahtles LS AL (L7) £ n2/6 are obtained for n > 7. Given a basis B of a lattice L in

™ of rank n and x € R™, we define polynomial time computable quantities A(B) and u(x, B) that
are lower bounds for A\ (L) and p(x, L), where p(x, L) is the Euclidean distance from x to the closest
vector in L. If in addition B is reciprocal to a Korkin-Zolotarev basis of L*, then A{(L) < v A(B)

and u(x,L)? < (Zz 1 )p,(x, B)%.

1. Introduction

The problem of selecting from all bases for a lattice a canonical basis with
desirable properties is called reduction theory. The classical question motivating
the invention of reduction theory is the determination of the minima of positive
definite integral quadratic forms. Lagrange [10] developed a reduction theory for
binary quadratic forms, and the general study of the higher dimensional case was
initiated by Hermite [6] in 1850 and Korkin and Zolotarev [9] in 1873. Several
distinct notions of reduction have been studied, including those associated to the
names Hermite, Korkin-Zolotarev, Minkowski and Venkov; see [19, 20, 22, 23].

Recently there has been renewed interest in reduction theory arising from the
problem of designing computationally efficient algorithms for finding a short vector
in a lattice. This was stimulated by a new method in integer programming [12]
and by Lovész’ lattice basis reduction algorithm, presented in [11], which has had
quite a few applications, see [4, 8, 11, 13]. From this computational perspective the
most natural of the classical reduction theories to consider is that of Korkin and
Zolotarev, because the computational problem of finding a basis of a general lattice
reduced in the sense of Korkin and Zolotarev is polynomial time equivalent to the
computational problem of finding a shortest non-zero vector in a lattice.

Our object in this paper is to prove inequalities bounding vectors in a Korkin-
Zolotarev reduced basis of a lattice L in terms of the successive minima of L and
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its reciprocal lattice L*  Qur results can be viewed as giving various senses 1n
which a Korkin-Zolotarev basis of a lattice 18 nearly orthogonal Roughly speaking
our bounds mmprove on classically known bounds by replacing certain constants
exponential i the rank n of the lattice involved by constants polynomial m n In
particular we obtain for a lattice L of rank n the mequalities

1 < M(D)Ap—yir (LF) < %nz for1 <i<m,

vald for n > 7

We also study certain quantities A(B) and u(x, B) that are computable m poly-
nomual time given a basis B of a lattice L in R™ and a vector x n R™ which have
the properties that A(B) 1s a lower bound for the length of a shortest non-zero vector
in L and p(x, B) 18 a lower bound for the distance of x to any vector in L We show
that these lower bounds are quite good when the basis B of L 1s reciprocal to a Ko-
rkin-Zolotarev basis of the reciprocal lattice L* These results give some information
concerning the computational complexity of recogmazing short vectors mn a lattice

2. Statement of results

Let m be a positive mteger We denote by { ,72 the Euclidean inner product on
R™ and by | | the Euchdean norm, so {v|? = 7% 02 for v = (v;, ,vm) € R™
A lattice 15 a discrete additive subgroup L of R™ Tts rank 1s the dumension of the
R subspace V(L) that 1t spans Each lattice L of rank n has a basis, 1 e a sequence
by, ,by] of n elements of L that generate L as an abehan group We define the
determanant d(L) of L by choosing any basis [b;, ,bp] of L and setting

d(L) = det[(by, b)112 .

This does not depend on the choice of the basis The 1-th successive mimimum A (L)
of a lattice L (with respect to the Euclidean norm) 1s the smallest real number r such
that there are » vectors in L of length at most r that are R-linearly mndependent

The lattice L* receprocal to L (also called the lattice polar or dual to L) 1s defined
as

L*={weV(L) (wvyelforallve L}
We have L** = L and d(L*) = d(L)™" For each basis B = [b;, ,by,] of a lattice
L there 1s a unique basis B* = [bf, ,b}] of L* such that
w_ f1 e+3=n+1,
{by, b7) = { 0 otherwise

We call this the basis of L* reciprocal to B Note that we numbered the elements of
B* 1 reverse order to what 1s customary

Hermite’s constant ~,, 1s defined by

v = sup{ A (£)2d(L)"¥™ L 1s a lattice of rank n}
Its value 1s known exactly for n < 8, see (2, Appendix] Minkowski’s convex body

theorem mmphes that v, < 47 'T(1 4 n/2)%™ (see [2, IX 7)), which yields v, < 2n/3
for all n > 2 It 15 known that

n n
— < < —(1 1
27re(1+0(1)) ST S 7r8( +o(1)) as n — 0o,
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see [18], and the upper bound has been further improved to (1+ o(1)) - 0.872n/(me)
by Kabatyanskii and Levenshtein, see [3, Ch. 9]. It has never been proved that v,
is an increasing function of n, though this is very likely true. For convenience we
define

(1) vn =max{y, : 1 <i<n}

to obtain a non-decreasing function of n. We have v < 2n/3 for all n > 2.
Given a basis B = [by,...,by] of a lattice L in R™| we define the Gram-Schmadt
orthogonalization Bt = [bJ{, . ..,b;rL] of B by the Gram-Schmidt orthogonalization

process: let bJ{ = b;, and define bI recursively for 2 < i < n by

1—1
T t
bz =b, — Z,U‘z,]b]»
g=1

where
b,, b!
um:-(—;—.%) for1<j<i<n.
(bl bh)
Thus we have the Gram-Schmidt decomposition
7—1
(2) b, = bI + E:uwb;L for1 <i<n.
J=1

It follows that d(L) = [],, ]b;r| It is not difficult to prove that the Gram-Schmidt

orthogonalization B = [bfr, ces :{T] of the reciprocal basis B* of L* is expressed
in BT by
(3) bl =D/l for1<i<n

We say that a basis [by,...,by] is reduced wn the sense of Korkin and Zolotarev,

or that it is a Korkin-Zolotarev basus, if it satisfies the following recursive set of
conditions:

4) b, is a shortest non-zero vector of L in the Euclidean norm;

(5) |l £ 1/2for 2 <i<n;

(6) if L™~V denotes the orthogonal projection of L on the orthogonal comple-
ment (Rbl)l of Rb,. then the projections b, — to,1b1 of by, ..., by yield a

Korkin-Zolotarev basis [by — i5,1b1, ..., by, — pin, b1] of LD,
The above definition is equivalent to the definition of Korkin and Zolotarev [9]. An
equivalent non-recursive definition can be given as follows.

Let B = [by,...,by] be a basis for a lattice L in R™. For i € {1,...,n}, denote
by m:R™ — (Rby + ... + Rb,_,)1 the orthogonal projection on the orthogonal
complement of Rb; + ...+ Rb,_;. Write L("**1) = 7,(L); this is a lattice of rank
n—1i+ 1 with basis [m,(b,),..., 7, (bn)]. In terms of the Gram-Schmidt decomposition

we have m(b;) = b; + Ei;: u],kbL, in particular m,(b,) = bI. Unwinding the
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definition just given, we see that B is a Korkin-Zolotarev basis if and only if the
following two conditions are satisfied:

(7 b:f is a shortest non-zero vector of L("**1 in the Euclidean norm, for
1< <m
)  lpyl<lj2fri<y<i<n,

It is known that the domain of all Korkin-Zolotarev bases of lattices of rank n
in the space of all bases of lattices of rank n in R™ can be specified by a finite
set of inequalities that are quadratic in the entries 4,, of the n x n basis matrix
B = [by,...,by]. These inequalities have been determined explicitly for n < 8, see
17}.
] We call a basis B of a lattice L a reciprocal Korkin-Zolotarev basis if its reciprocal
basis B* is a Korkin-Zolotarev basis of L*.

In Section 3 of this paper we prove the following two theorems, which relate the

length of vectors in any Korkin-Zolotarev basis of L to the successive minima of L
and L*.

Theorem 2.1. If [by,... by] 15 a Korkin-Zolotarev basis of a lattice L, then

1+ 3
4

4
mAz(L)z < \bzlz < /\z(L)2 for1 <1< mn.

The upper bound in this theorem is essentially due to Mahler [14], cf. [2, V.4] We
will give examples to show that the inequalities in Theorem 2.1 cannot be much
improved.

Theorem 2.2. If (by,...,by] s a Korkin-Zolotarev basis of a lattice L, then

t+3 n—1+4

‘bz'g’\n—wl(l‘*)zf 1 1 Tn

forl1 <1< n,

where vy, 15 as w (1).

Note that the upper bound is O(n?).
As consequences of these results we obtain the following two theorems, which
are also proved in Section 3.

Theorem 2.3. If [by,...,b,] 1s a Korkin-Zolotarev basis of a lattice L, then
n n
2 n 1+3 2
[Iw < (v I1- Jd(zy
P== 1=

Note that 5 [T7-, (2 +3)/4 < n®"/(4mwe? 4 o(1))™ for n — co. This theorem provides
an upper bound for the orthogonality defect (IT;-, [b.|)/d(L) of a Korkin-Zolotarev
basis. Hermite’s inequality asserts that any basis has orthogonality defect at least 1,
with equality if and only if the basis is orthogonal.

Theorem 2.4. The successiwe minwma of a lattice L of rank n and its reciprocal lattice
L* satisfy
1+3 n—1+4

4 PR

1 < ML) A (¥ <
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for 1 <i<n, with~,, aswn (1).
The lower bound is classical, see [2, VIIL5, Theorem VI]. From Theorem 2.4 we see
that
1 .
1< ML) A1 (L) < gnz forn>7 1<i<n.

Previously known upper bounds were exponential in n, see [2, VIIL.5, Theorem VI].

A limit on the amount of improvement possible in Theorems 2.2 and 2.4 is
imposed by a result of Conway and Thompson, see [16, Ch. II, Theorem 9.5}, which
asserts that there exist lattices L, of rank n with Ly, = L}, for which

(9) ML) ML) 2 (5= )<1+o<1>> as 1 — co.

In Section 4 we prove lower bounds for the Gram-Schmidt orthogonalizations of
Korkin-Zolotarev bases and reciprocal Korkin-Zolotarev bases. These include

[bh] > 7 M (D)
for a reciprocal Korkin-Zolotarev basis and
bl| > n—(+es™/2. y (L)

for a Korkin-Zolotarev basis, see Proposition 4 1 and 4.2. It is an interesting open
problem whether or not a bound of the form |b | > ndM ), (L) holds for all Korkin-
Zolotarev bases.

The covering radwus (L) is the smallest number r such that all vectors x € V(L)
are at distance at most r from a lattice vector. In Section 5 we prove the following
bounds for the covering radius.

Theorem 2.5. The covering radwus u{L)} of a lattece L of rank n satisfies

1
7 S WL A (L)?

m»—a

with v as wn (1).
The lower bound is well known [2, XI.3]. From the upper bound it follows that
W) (L) < %n3/2

for all n > 1. The Conway-Thompson result (9) together with the obvious bound
u{L) > M\ (L)/2 imply that there exist lattices L, of rank n with L, = L7 and

La)hs(Ln) 2 7=(1+0(1))  asn — oo,

In Section 6 we obtain bounds for A{(L) and for the quantity u(x,L) that
measures the distance from a vector x to the closest vector in the 1attlc$ L. Given a
basis B of a lattice L, with Gram-Schmidt orthogonalization [by,...,by], we define

A(B) = min{[b]| : 1 <2 < n}.
This quantity gives rise to the following bounds for A;(L).
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Theorem 2.6. For any basis B of a lattice L we have
M(I) > \(B).

If B 15 a reciprocal Korkin-Zolotarev basis of a lattice L of rank n, then we have

M(L) < A(B),
where v 15 as i (1).
Next we consider u(x,L). Let B be a basis of a lattice L, with Gram-Schmidt
orthogonalization [bI, .. ,bL]. Let x € R™ and write x = x' + x” with x’ € V(L)
and x” € V(L)1. It is not difficult to see that there exists a unique b € L such that
¥ -b= Z?zlv]b; for certain real numbers v, with —1/2 < v, < 1/2. Using this
representation, we define

1 n
wo=x —b, w,:ibj—}-Zv]b;r for1<1<mn,
2=1+1

. 1/2
p(,B) = minflw|:0<1<n),  p(x, B) = (e, B+ x"2) .

This quantity gives rise 10 the following bounds for u(x, L).

Theorem 2.7. For any basis B of a lattice L wn R™ of rank n and any x € R™ ye
have

pu(x, L) > p(x, B).
If w1 addition B 1s a reciprocal Korkin-Zolotarev basis of L, then we have

u(x, LY < (i 77?) - ix, BY,
7=1

wath 71* as wn (1).

In Section 7 we use Theorems 2.6 and 2.7 to bound the non-deterministic computa-
tional complexity of finding a provably short, or provably close, vector in a lattice.
In Section 8 we extend the bounds from Sections 3 and 5 to arbitrary symmetric
convex distance functions, i. e. functions F:R™ — R gatisfying
F(x) >0, with equality if and only if x = 0,
F(ax) = |a|F(x), F(x+y) < F(x) + F(y)
for all x, y € R™ and o € R. Such a function is determined by its wnit ball

0 = {x - F(x) < 1}, which is a compact symmetric convex set containing 0 in
its interior The receprocal distance function F* is defined by

F*(x) = sup{(x,y)/F(y) : y € R", y # 0}.
The unit ball Q* of F* is given by
0 ={x:[(x,y)] <1forallye Q}.

For alattice L C R™ we define the 1-th successwe munumum X\, (L; Q) of L with respect
to ) to be the smallest real number r such that 7} contains 2 points of L that are
R_linearly independent. For background on the above notions we refer to [2, 5].
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Theorem 2.8. Let Q be the unat ball of a symmetric convex distance function in R™
and §1* the unit ball of its recaprocal distance function. Let L be a lattice of rank n
wm R and let A\,(L; ) denote the 1-th successwe manvmum of L unth respect to .
Then we have
2 ¥, (Y12 1+3 .
A(L; QA (LT 97) SH‘T")’n
and
1+3 n—14+4

1 Tn

1< A (L; Q)zAn—%—H(L*a Q*)2 <n-
for1 <1< n, with v} as m (1).

The last upper bound 1s a sharpening of the M. Riesz-K. Mahler theorem (15, 5, Ch.
2, sec. 14.2, Theorem 5, cf. 2, VIIL5], which gives n!? as the upper bound.

If Q@ and L are as in the previous theorem, we write u(L;2) for the covering
radius of L with respect to . Our final result is the following.

Theorem 2.8. With 2 and L as 1n Theorem 2.8 we have
1 n
p(L; Q)2 (L Q%) < anl’n“,
1=

where v 15 as wn (1).

3. Korkin-Zolotarev bases and successive minima

Proof of Theorem 2.1. There are ¢ linearly independent vectors of length at most
A(L) in L, and under the projection L — L(™~**1 at least one of them maps to a
non-zero vector. Therefore we have A\ (L™ ™*+V) < A,(L). Combining this with (7)

we find that |b:| < A\ (L). Using (2) and (8) we obtain
1—1 =
OB <MD+ DN <
J=1

J=1

1
4

1+ 3
1 A (L)2.

Ib,|> < b][? +

This proves the right side of the inequality in Theorem 2.1. To prove the left side,
we first note that for 3 < i we have

[bI2 = X\ (LO=24D)2 < |,y (b,) 2 < b7,
since 7, (b,) is a non-zero element of L(®~J+1). Hence for j < ¢ we have

7+3

132
by [* < [B? + 2 SO IBER < S b2
k=1

Therefore we have i3
)‘z(L)z < ma,x{lb]]Z :1<y < 'L} < T|b1|2~
This proves Theorem 2.1. ]
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Remark 3.1. We give a few examples to show that the bounds in Theorem 2.1 cannot
be improved by more than a constant factor. By e, ..., e, we denote the standard
orthonormal basis of R™

First let 1 < i < n. Let L be the lattice in R™ that is spanned by B = [by,...,by],

where b, = e, forj #iand b, = el+z 1 e,/2. We have b]t = e, for all 7, and using

the first 1nequahty in Theorem 2.6 one easﬂy deduces that A ( y=1for1 <j<n-1,

and that B is a Korkin-Zolotarev basis for L. From |b,|* = (z+3)/4 = (1+3)\,(L)? /4

we see that the upper bound in Theorem 2.1 is sharp whenever ¢ < n.
One can show that for ¢ = n > 1 the upper bound in Theorem 2.1 is not

sharp. We show that it is sharp up to a factor 3 + o(1), for n — co. Let n > 1,

and let L be the lattice in R™ that is spanned by by,...,by, where b, = e, for

j < n and b, = v3e,/2 + J ~'e,/2. It is easy to check that [by,...,by] is a '

Korkin-Zolotarev basis for L, and that Ap(L)? = min{3,(n + 2)/4} < 3. Therefore

[brl? = (n + 2)/4 > (n + 2)M\(L)?/12, which establishes our claim. A more l

complicated example can be constructed in which |byp|? = (n+ O(1))An(L)?/4. ]
Next we consider the lower bound in Theorem 2.1. For ¢ = 1 we clearly

have equality. Let 1 < i < n, and let L be the lattice in R™ that is spanned by

B = [by,...,by], where b, = e, for j <i—1, b,y =e,_; + Z;;f((j/(z —1))e,,

b, = e, and b, = ne, for j > i, where (( )) denotes the distance to the nearest integer.

One easily proves that B is a Korkin-Zolotarev basis for L, that A,(L) = 1 for j <

and ), (L) = n for j > i, and that

—2 .
M (L)? = min{m? + 12: << ijznl
7=0

The inside sum depends only on ged(m,i — 1), so the minimum is assumed when
m is a divisor of i — 1. By means of a straightforward computation this leads to
A(L)? > (54+10)/12 = (i+10)|b,|2/12. This proves that the lower bound in Theorem
2.1 cannot be improved by more than a factor of 3.

>>2:m€Z,m7é0}.

Proof of Theorem 2.3. This follows immediately from Theorem 2.1 and Minkowski’s

theorem that [, A (L) < ’yg/zd(L), see [2, VIIL.2]. i »

Proposition 3.2. Let [by,.. ,by] be a Korkin-Zolotarev basis of a lattice L, and let

L* be 1ts reciprocal lattice. Then we have 1
i+ 3 *2 !

b, A:(L%)? <

for 1 < i < n, where y;, 15 as wn (1).

1 Tn

Proof. It is easy to see that L(®~J*V* is a sublattice of L* so we have A\;(L*) <
A (L—1+9*) for each j. Combining this with

(10) b/ < [bf1? 4 4ZIbT12 ALy ZA(U“‘J*”)
7=1
we obtain
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1—1
|bz|2)\1(L*)2 < /\1(L(n—z+1))2/\1(L(n—z+1)*)2 Z A (L(n——j+1))2)\ (L(n ]+1)*)2
j 1
For any lattice M of rank k we have by definition of Hermite’s constant
A (MP M (M*)? < - d(MPE - - d(MF = o,
where we use that d(M*) = d(M)™*. So we find that

2~1

i+3
by A (L*)? < v w1ty 4 Z'Yn-—gﬂ < 4 Vo
g=1
This proves Proposition 3.2. ]
Proposition 3.3. For any lattice L of rank n with reciprocal lattice L* we have

143
ML) < 2
for 1 < i < n, where v} 15 as m (1).

Proof. This follows from Proposition 3.2, since A (L)% < max{|b,|?: 1 < j <}
For ¢ = 1 the bound in Proposition 3 3 is sharp up to a multlphcatlve constant,

by (9).
Proof of Theorem 2.2. We have A,_, (L*) < A_ i (L*7+D*) whenever j < i,
since L{"~J+D* is a sublattice of L*. Combining this with (10) we obtain
BulP A ()7 € M(LOTHD)2A, L, (L4042
1—1
Z/\ (L(n y+1))2 — +1(L(n ]+1)*)2
] 1

Applying Proposition 3.3 to each L™ ~J*1 we find that

n—1+4 n—1 + 4
by [* X041 (L7)? < a7 i a1 T a Z *%_jﬂ
n—i1+4 ¢+3
S rw
This proves Theorern 2.2. B

Proof of Theorem 2.4. The lower bound is well known, see [2, VIIL5, Theorem VI].
We prove the upper bound. Interchanging L and L*, if necessary, we may assume
that ¢+ < (n+1)/2. Choosing a Korkin-Zolotarev basis [by,...,b,] of L and applying
Theorem 2.2 we obtain
ML) An—yr (LF)? < max{[b,[* : 1 <3 <1} Apyyy (27)?
< max{,b]lz/\n j+1(L*)2 1< <1}
Smax{]+3 Lm *2 1<]<z}
4 4
143 n—i+d
! I
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This proves Theorem 2.4. i

4. Bounds for Gram-Schmidt orthogonalizations

Proposition 4.1. Let B be a reciprocal Korkwn-Zolotarev basis of o lottece L, with
Gram-Schmudt orthogonahzation BY = [bJ{, e ,b;rl]. Then we have

lbf| = X (L)
for1 <i<n.
Proof. By (3) and (4) we have

h = [ = (] = M (L*) < 4 2d(L*)/m = 4 *d(L) 3/,

Multiplying this by A\ (L) < 'yTlL/ d(L)*/™ we obtain the desired inequality for i = n.
For general ¢ we consider the sublattice L, with basis B, = [by,...,b,]. It is easy
to see that B, is a reciprocal Korkin-Zolotarev basis for L,. Hence the result just

proved implies that 7Z|b;r| > Ai(L,). This is at least A;(L) because L, C L. This
proves Proposition 4.1. i

Proposition 4.2. Let B = [by,...,by,] be a Korkin-Zolotarev basis of a lattice L, with
Gram-Schmadt orthogonalization [bi, e ,bL]. Then we have
21+10ngb2']2 > M(L)?
Z2—+ logz,bI,Q Z ,bz,z
for1 <i<n.
Proof. By (7) we have

’ 1/3
bl 1 = M(LP)? < 5, d(L9) = 7, (1‘[ k)

and therefore

t 2 o 3/G0-D Y-
b —J+1l < Y (H lbn k+1| )
k=1
for 1 < 7 < n. By a straightforward induction on 1 this yields

DANWEESAQ | A ML

k=2
for 1 <1 < n. Using that v, < 2k/3 for £ > 2 one readily derives that

Ib IZ S 7]1+loglib;’lZ.

n—1i+l
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With i = n we obtain the case { = n of the first inequality of Proposition 4.2. For
general ¢ one applies the same result to L, and uses that A;(L,) > A(L). Further
we have

1 1,
baf® < BRI+ 2 3B, P < (14 3 Do at st )bk < mvesmpl 7,
=2 2=2

which is the case i = n of the last inequality of Proposition 4.2. For general ¢ one
argues as before. This proves Proposition 4.2. ]

5. Bounds for the covering radius

Proof of Theorem 2.5. The easy lower bound u(L) > An(L)/2 (see [2, XL.3])
combined with A, (L)A;(L*) > 1 implies that p(L)A(L*) > 1/2, which proves the
left inequality in Theorem 2.5.

We prove the right inequality in Theorem 2.5 by induction on n, the case n =1
being obvious. Let n > 1, let b; € L satisfy |bi] = Ai(L), and denote by L’ the

projection of L on (Rb;)L. We first prove that
1
(11) H(L)® < ML) + p(L).

Let x € V(L). By definition of u(L'), there exists b’ € L such that the projection
x’ of x — b’ on (Rb;)L has length at most u(L'). If we write x — b’ = x' + x”, then
x"" € Rby, so we can find " € Zb, such that [x” — b"| < |by|/2 = M (L)/2. Then
b = b’ +b” is an element of L satisfying

1
IX . b[2 — lx! + xll _ blllz —_ 'x,'2 + 'xII _ bIIIZ S /,L(L,)2 + ZAl(L)Z,

which proves (11).
Since L™ is a sublattice of L* we have A, (L*) < A\, (L"*). Hence (11), Proposition
3.3 and the induction hypothesis imply that

BEP A (L) < (DAL + (L2 (L)

*2

1
S =2 (LA (L) < %,

IS
N

=1

as required. This proves Theorem 2.5. B

it

6. Lower bounds for shortest vector problems and closest vector problems

Proof of Theorem 2.6. Let B = [by,...,by,], and let b = E?:l m,b, be a non-zero
element of L, with m, € Z. Let 2 be maximal with m, # 0. Then b — m,bzL lies in
the subspace E;: Rb,. Since this subspace is orthogonal to bI, we find that

b > [m,bl| > [bl| > A(B).
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This proves the first assertion of Theorem 2.6.
Next assume that B is a reciprocal Korkin-Zolotarev basis. Then by 4.1 we have

A (L) < min{y[bl]: 1 < i < n} < EAB),

as required. This proves Theorem 2.6.

Proof of Theorem 2.7. Let B = [by,...,by), and let x € R™. As in Section 2, we
consider the unique representation

n
x=x+x"=b+ (Zv]bD +x’
7=1
withx' € V(L), be L, v, eR, ~1/2< v, <1/2, x" e V(L)1. Let ve L. To
prove the first inequality in Theorem 2.7 it suffices to show that |x' — v| > |w,]| for

some ¢, 0 < 7 < n, where the w, are as in Section 2.
If v = b then x' — v = w,, and we can take i = 0. Suppose that v # b, and write

b—v= Z;:1 m,b, with m, € Z, m, # 0. Then

n
X —V——ijb +Zv]bT—y+ mz+vz)bj+ Z vjb}L

J=1+1

for some y in the subspace spanned by by, ..., b,_;. This subspace is orthogonal to
each of bj, e bil, S0

n
!
K = v 2 (my + 0)2b 2+ 3 bl P > (w2,
7=t+1
where we use that |m, + v,| > 1/2. This proves the first inequality of Theorem 2.7.
Next suppose that B is a reciprocal Korkin-Zolotarev basis, let x € R™_ and let

the notation be as above. To prove the second inequality of Theorem 2.7, it suffices
to prove that for each ¢ € {0,1,...,n} there exists v € L such that

—vP < (Z ) fw, 2.

For i=0 one can take v=b, so let i>0. Let L, be the lattice spanned by by, ..., b,,
and let z be the element of V(L,) defined by

) n
=3 ubl=x'—b- > vl
7=1 7=241

Let v/ € L, be such that |z ~ v/| < u(L,). Then the element v = b + v’ of L satisfies

n
X —v=(z-v)+ Z vjb;r

J=1+1

(1
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and therefore
n
[ = v < L)+ Y bl
J=1+1
By Theorem 2.5 we have

W < (D) ALY
J=1

From the fact that B* is a Korkin-Zolotarev basis for L* it follows easily that a

Korkin-Zolotarev basis for (L,)* is given by the orthogonal projections of by
..., by on V(L,). The first of these projections is b;:T w1 and its length is A{((L,)*).

By (3) this implies that A\ ((L,)*) = |b3 | 7. Putting everything together we obtain

1 n
oo =S S

J=1+1
*2 = 2 T _
< (ZVJ )(4“’1' + Z [”ijlz) = (Z’y}”) [w.[?,
7=1 7=1+1 J=1
as required. This proves Theorem 2.7. .

7. Computational complexity of lattice problems

The following are two basic computational problems concerning lattices.

Finding shortest vector: given n and a basis B = [by, ..., by] of a sublattice L
of Z™, find a shortest non-zero vector in L.
Finding closest vector: given n, a basis B = [by, ..., by] of a sublattice L of Z7,

and z € Z™, find a vector b € L that minimizes |x ~ b|2.

It is not difficult to see that the first problem is polynomial time equivalent to
the problem of finding a Korkin-Zolotarev basis of an arbitrary integer lattice L. Tt
is suspected to be NP-hard, but this has never been proved. Van Emde Boas [24]
showed that the second problem is NP-hard.

The fastest algorithms known for the above two problems are due to R. Kannan
8], and require the exponential time O(n°"H®), where H is the length of the input
of the problem with the usual encoding in binary.

Several polynomial time algorithms are known for solving weaker versions of
these problems. Lovész’ lattice basis reduction algorithm [11] runs in time O(n®H3)
and is guaranteed to find a short non-zero lattice vector b satisfying

b|2 < 27N (L)2.

Babai [1] observed that this algorithm can also be used to find, for given x, a close

lattice vector b satisfying
|x —b|? < 2%u(x, L)
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Schnorr [21] has given a hierarchy of polynomial time lattice basis reduction algo-
rithms, showing that for any positive ¢ there exists a polynomial time algorithm that
produces a non-zero lattice vector b satisfying

B> < (14 €)™\ (L)

It is of great interest to find practical polynomial time algorithms that determine a
non-zero vector b € L that is certified to satisfy

[bl* < f(n)Ay(L)?

with f(n) as small as possible.

Even if a shortest, or closest, lattice vector b € L has been found, it is not clear
how to prove that it is indeed the shortest, or closest, lattice vector. No polynomial
length proofs (“certificates”) are known to exist for statements of the form “b is a
shortest non-zero vector in L” or “b is a closest vector in L to x”. In this context
the results of Section 6 imply that there is at least a polynomial length proof that b
is quite short, or quite close to x, respectively.

Theorem 7.1. There exists a non-determinstic polynomeal time algorithm that given
a basis B of an winteger lattice L C L™ of rank n produces a vector b wn L and a proof
that

Ib] < 2 (L)2.

Furthermore, there exists a non-determintstic polynomaal time algorithm that when
gwen wn addition an element x € L™ produces a vector b in L and a proof that

[x —b|]? <nu(x, L)%

Proof. We give only a sketch of the proof, leaving the details to the reader.

The first algorithm consists of non-deterministically guessing an element b € L
satisfying |b|* = A\ (L)* as well as a Korkin-Zolotarev basis B* = [b¥,... b%] of L*.
If we guess right, then by the second inequality of Theorem 2.6 we have

b < n®A(B)?,

where B is the basis of L reciprocal to B*. We can now verify this inequality directly,
since A(B)? is easy to compute. If in addition we check that B is indeed a basis of
L, then the first inequality of Theorem 2.6 implies that |b|> < n?);(L)?, as required.

For the second algorithm one proceeds in a similar manner, replacing Theorem
2.6 by 2.7.

This proves Theorem 7.1. B
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8. Symmetric convex distance functions

Proof of Theorem 2.8. For the last lower bound, see [2, VIIL5, Theorem 6]. If
Q) is the standard unit sphere in R”, then the upper bounds in Proposition 3.3
and Theorem 2.4 are sharper by a factor of n than the upper bounds in Theorem
2.8. Applying a linear transformation we see that these sharper bounds are also
valid if Q is an ellipsoid. In the general case we use the theorem of John [7, 5,
Ch. 1, sec. 1.6], which asserts that for any Q there exists an ellipsoid F centered
at 0 such that E ¢ @ C v/nE. Then A\ (L;Q) < M\(L;E) for all ¢ and L, by
the definition of successive minima. Also (y/n)™'*E* = (VREY* C Q* C F*, so
M{(L; Q%) < /A (L; E*). Hence the upper bounds in Theorem 2.8 are implied by
the sharper bounds that are valid for ellipsoids. This proves Theorem 2.8. ]

Proof of Theorem 2.9. This follows from Theorem 2.5 by the same argument as in
the previous proof. B
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