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Weak localization of the open kicked rotator
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We present a numencal calculation of the weak localization peak in the magnetoconductance for a strobo-
scopic model of a chaotic quantum dot The magmtude of the peak is close to the universal predicüon of
random-matrix theory The width depends on the classical dynamics, but this dependence can be accounted for
by a single parameter the level curvature around zero magnetic field of the closed System
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I. INTRODUCTION

Random-matrix theory (RMT) makes system-mdependent
("universal") predictions about quantum-mechanical Systems
with a chaotic classical dynamics '~4 The presence or ab-
sence of time-reversal symmetry (TRS) identifies two uni-
versality classes RMT is also capable of descnbmg the
crossover between the umversahty classes, e g , when TRS is
broken by the apphcation of a magnetic field B The cross-
over is predicted to depend on a smgle system-specific pa-
rameter, namely, the mean absolute curvature of the energy
levels E, around 5=0 More precisely, a universal magnetic-
field dependence of spectral correlations is predicted when B
is rescaled by the charactenstic field

dB2

v-1/2

(11)
B=OI

with Δ the mean level spacmg This prediction has been
tested m a vanety of Computer simulations 5~7

In open Systems a similar prediction of umversahty for
transport properties exists, but now the charactenstic field
also depends on the conductance g of the pomt contacts that
couple the chaotic quantum dot to electron reservoirs 8~n

A universal magnetic field dependence is predicted if B
is rescaled by Bc\[g, provided g is large compared to the
conductance quantum e2/h To provide a numencal test of
this prediction is the purpose of this paper

We present a Computer Simulation of the open quantum
kicked rotator,12"15 which is a stroboscopic model of a quan-
tum dot coupled to electron reservoirs by ballistic pomt con-
tacts The ensemble averaged conductance mcreases upon
breakmg of TRS, äs a mamfestation of weak localization
The height, width, and hne shape of the weak localization
peak aie compared with the predictions of RMT

The Simulation itself is straightforward, but the formula-
tion of the model is not There exist several ways to break
TRS in the closed kicked rotatoi 16~19 and related models 20~23

When openmg up the System one needs to ensure that the
scattenng matnx satisfies the reciprocity relation

S(-B)=S'(B), (12)

which holds under the assumption that the electrostatic po-
tential is B mdependent (The superscript T mdicates the
transpose of the scattermg matnx S) We also require that

TRS is broken already at the level of the classical dynamics
(äs it is in a quantum dot in a uniform magnetic field) Fi-
nally, we need to relate the TRS-breakmg parameter in the
stroboscopic formulation to the flux enclosed by the quantum
dot All these issues are addressed m Sees II and ΠΙ before
we proceed to the actual Simulation m See IV We conclude
m See V

II. TIME-REVERSAL-SYMMETRY BREAKING
IN THE OPEN KICKED ROTATOR

A. Formulation of the model

The kicked rotator is a particle moving along a circle,
kicked penodically at time mtervals TO

 l ll The stroboscopic
time evolution of a wave function is given by the Floquet
operator F In addition to the stroboscopic time r0 and the
moment of inertia /, which we set to unity, F depends on the
kickmg strength K and the TRS-breakmg parameter γ We
require

which guarantees the reciprocity relation (12) for the scat-
termg matrix when we open up the model

We will consider two different representations of f, both
of which can be wntten äs an MX M unitary matnx The
classical hmit corresponds to a map defined on a toroidal
phase space The difference between the two representations
is whether TRS breakmg persists m the classical hmit or not
The simplest representation of f has one kick per penod It
breaks TRS quantum mechamcally, but not classically This
would correspond to a quantum dot that encloses a flux tube,
but in which the magnetic field vamshes A more realistic
model has TRS breakmg both at the quantum mechanical
and at the classical level We have found that we then need a
mimmum of three kicks per penod

B. Three-kick representation

We will mamly consider the three-kick model, so we de-
scribe it first In this model TRS is broken both quantum
mechamcally and classically Stroboscopic models with mul-
tiple kicks per penod of diffeient magmtude were studied
previously in the context of quantum rachets 21 Inspired by
that work, we study the üme-dependent Hamiltoman
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H(t) = - +
2. 2.

[Se(t-n Se(t-n -

(2.2)

with e an infinitesimal. The angular momentum operator p
=-iheiide is canonically conjugate to the angle 0e[0,2ir).
The effective Planck constant is he{{=fiT0l Ί. The
Potential18·19·24·25

V(0) = cos(77g/2)cos(0) + \K sin(77g/2)sin(20)

(2.3)

with q^O breaks the parity symmetry of the model. The
form of the potential is such that in the large K limit the
diffusion constant does not depend on q. For γ=0 there are
two kicks per period in Eq. (2.2), but since they are displaced
by an infinitesimal amount we still call this a "single-kick"
model. For γφ 0 two more kicks appear with opposite sign
at finite displacement. We will see that this choice guarantees
the reciprocity criterion (2.1) for the Floquet operator.

The reduction of the Floquet operator

= Texp --Γ
^effJo

H(i)dt (2.4)

(with Tthe time ordering operator) to a discrete, finite form
is obtained only for special values of Aeff, known äs
resonances.17 We have to reconsider the usual condition for
resonances in the presence of additional, TRS-breaking
kicks. Here our analysis departs from the quantum rächet
analogy.21

The initial wave function ψ(θ) evolves in one period to a

final wave function ψ(θ), given by

ψ(θ) = exp[- i

Xexp[- ίγ

X exp[iy c

Xexp[-iV(0)/2ÄeffM0). (2.5)

One recognizes three factors describing free propagation
for 1/3 of a period, each followed by a kick. The resonance
condition for free propagation is Äeff=27rr/M, with r an odd
integer and M an even integer.17 The free propagation

(2.6)

is then given by

2ττ
3Λ/-1

„
m,n =0

277-

Resonance means that the initial and final wave functions
can be treated äs discrete vectors on a 3M-point lattice, la-
beled by the indices «,«' . The angle θ is an arbitrary offset
Parameter. Different values of θ are not coupled by the free
propagation. Putting together three iterations of Eq. (2.7) we
get three independent components of φ{θ+2ττηΙ1>Μ) for n
=0, 1,2 (mod 3), each on an M-point lattice.

We find that the resonance property is preserved in the
presence of intervening TRS-breaking kicks, provided that
r=3 and M even, but not a multiple of 3. The free propaga-
tion (2.7) then is conveniently expressed in matrix notation.
The matrix acts on an M-component vector ψη=ψ(θ
+2τ77«/3Μ), m=0, ...,M-1. We choose the arbitrary phase
0=0, so that

M-1

(Mn= Σ

m'=0

The matrices are defined by

_ o -iirn?IM
' ~ "mm'1· >

ff _
^ mm' —

-2mmm'/M

(2.8)

(2-9)

(2.10)

The matrix product iß^U can be evaluated in closed form,
with the result

nmm, = (i/^t/W = M-me-iM exp[/(77/M)(m' - m)2].

(2.11)

Collecting results, we find that for Λε{{=6ττ/Μ the Floquet
operator (2.5) is represented by an MX M unitary matrix, of
the form

Y ' =

(2.12a)

(2.12b)

(2.7)

-s -i(Mmir)V(2mn/M)
' — °mm'e ·

One readily verifies the reciprocity relation (2.1).
The classical map corresponding to this quantum me-

chanical model is derived in Appendix A. We show there that
TRS breaking of the classical map is broken for γφ Ο in the
three-kick model.

C. One-kick representation

TRS breaking in the one-kick model is constructed äs a
formal analogy to the magnetic vector potential, by adding
an offset Sto the momentum of the kicked rotator.16"19·24-26

To obey reciprocity

f(-S)=fT(S) (2.13)

for odd M it is enough to symmetrize the expression of Ref.
16 by infinitesimally Splitting the kick (äs it was done in Ref.
15 for <?=0). For even M, which is more convenient for
application of the fast Fourier transform, one also needs to
redefine the lattice points in order to preserve reciprocity.27
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The model takes the form

(2.14a)

(2. 14b)

v _ s
Ληιηι' ~ υηιιη

Π , - rS ,llmm' ~ umm'

.-i(MKI4ir)cos(2mn/M+</>)

~ (M ~ 1

In addition to the TRS-breaking phase <Sthere is a phase </> to
break the parity symmetry. The reciprocity property (2.13)
can easily be checked.

The classical map corresponding to this model is also dis-
cussed in Appendix A. It does not break TRS.

D. Scattering matrix

To model a pair of W-mode ballistic point contacts that
couple the quantum dot to electron reservoirs, we impose
open boundary conditions in a subspace of Hubert space
represented by the indices m·"'. The subscript n - 1 , 2 , . . . ,N
labels the modes and the superscript a= l , 2 labels the leads.
A 2NXM projection matrix P describes the coupling to the
ballistic leads. Its elements are

*nm
otherwise.

(2.15)

The mean dwell time is το=Μ/2Ν (in units of TO).
The matrices P and J- together determine the scattering

matrix13"15

5(ε) = P\e-ie - f(\ - PTP)Y1FPT, (2.16)

where ε is the quasienergy. The reciprocity condition (2.1) of
f implies that also S satisfies the reciprocity condition (1.2).

By grouping together the N indices belonging to the same
point contact, the 2N Χ 2Ν matrix S can be decomposed into
4 sub-blocks containing the NX N transmission and reflec-
tion matrices

S = (2.17)

The conductance G (in units of e2/h, disregarding Spin de-
generacy) follows from the Landauer formula

G = Tr« f. (2.18)

III. RELATION WITH RANDOM-MATRIX THEORY

In RMT time-reversal symmetry is broken by means of
the Pandey-Mehta Hamiltonian28

H=H0 + iaA, (3.1)

which consists of the sum of a real Symmetrie matrix H0 and
a real antisymmetric matrix A with imaginary weight ia. We
denote by MH the dimensionality of the Hamiltonian matrix.

The two matrices H0 and A are independently distributed
with the same Gaussian distribution. The variance v1

= ((H0)
2,J) = {A2,J) (i+j) determines the mean level spacing

Δ - ττνΐ \JMH at the center of the spectrum for MH>1 and
a«l.

To lowest order in perturbation theory the energy levels
E,(a) depend on the TRS-breaking parameter α according to

(3.2)

with δΕ,=Ε,(α)-Ε,(0) and £, = £,(0). The characteristic
value ac is determined by the mean absolute curvature

da2 (3.3)
a=0 /

Prom Eq. (3.2) we deduce that ac — A./v—l/iMH, up to a
numerical coefficient of order unity. A numerical calculation
gives

= KUMT =1.27. (3.4)

A real magnetic field B is related to the parameter a of
RMTby

B/Bc=a/ac, (3.5)

where Bc is determined by the level curvature according to
Eq. (1.1). For a ballistic two-dimensional billiard (area A,
Fermi velocity UF) with a chaotic classical dynamics, one
has2·5

eA
(3.6)

with c a numerical coefficient that depends only on the shape
of the billiard. The field Bc cprresponds to a flux through the
quantum dot of order (hie) Vr e r gA/ft <§hie, with the ergodic
time rerg being the time it takes an electron to explore the
available phase space in the quantum dot.

The analog of Eqs. (1.1) and (3.5) for the quantum kicked
rotator considered here is

\-l/2

(3.7)

Here γ is the TRS-breaking parameter in the three-kick
model. The same relation applies to the one-kick model, with
y,yc replaced by 8,8C.

To complete the correspondence between the kicked rota-
tor, RMT, and the real quantum dot, we need to determine
the two characteristic values % and 8C. In Appendix B we
present an analytical calculation deep in the chaotic regime
(K—>°°), according to which

lim yc = 12-n-M~3/2/cRMT = 47.9 M'-3/2 (3.8)

lim .̂ = 4^-3/2/cRMT= 8.80 M'm. (3.9)

In Figs. l and 2 we show a numerical calculation for fmite K,
which confirms these analytical large-ÄT limits.
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FIG l The cntical value yc of the TRS-breaking parameter m
the closed three-kick model is presented for different System sizes
at fixed K The parity-breaking parameter is q=Q 2 The solid hne
shows the large-ΑΓ hmit (3 8) The dashed Imes are averages over M
of the numencal data

In the open System the charactensüc field scale for TRS
breaking is mcreased by a factor Vg, with g the conductance
of the pomt contacts We consider balhstic jV-mode pomt
contacts, so that g=N, measured m umts of e2/h The con-
ductance G(B) of the quantum dot is also measured in umts
of e2lh Accordmg to RMT, the weak locahzation magneto-
conductance is given by9 n

G(B) = - [l + (2KRMTAr1/2ß/ßc)
2]2- ' (3 10)

For the quantum kicked rotator we would therefore expect
a weak locahzation peak m the conductance given by

(3 i D

m the three-kick model We define the weak locahzation cor-
rection δΟ(γ) = Ο(γ)-Ο00, with G«, the conductance at fully
broken TRS The expression in the one-kick model is sirmlar,
with ylyc replaced by 81 8C

In the large-ΑΓ hmit we can use the analytical expressions
(3 8) and (3 9) for yc and Sc to obtam

hm SG(y) = - |[ (3 12)

10 -

K=7,

1
•
•Π

100 1000

M
10000

FIG 2 Same äs Fig l, but now for the closed one-kick model
The parity breaking parameter is φ=01-π The solid hne shows the
large K hmit (3 9)
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FIG 3 Dependence of the average conductance on the TRS-
breaking parameter γ The three-kick model is charactenzed by K
= 7 5, q=0 2, and rD=M/2N=25 The dotted hne shows the RMT
prediction (3 11), with yc calculated from the mean level curvatures
(Fig 1)

hm dG(S) = - K (3 13)

In Appendix C we show how these two results are consistent
with a semiclassical calculation

IV. NUMERICAL RESULTS

The numencal techmque we use to calculate the conduc-
tance was descnbed m Refs 15 and 29 The calculation of
the scattermg matnx (2 16) is performed efficiently by use of
an iterative procedure and the fast-Founer-transform algo-
nthm We need to average over many system reahzations
(varymg lead posiüons and quasienergies) to suppress statis-
tical fluctuations In addition, we need several pomts to plot
the γ dependence This makes the calculation for large M
more time consuming than earlier studies of universal con-
ductance fluctuations in the same model at zero magnetic
field2930

First we present in Figs 3 and 4 results for the weak
locahzation correction SG m the three-kick model äs a func-
tion of the TRS-breakmg parameter γ The data are obtamed
by averagmg over 40 lead posiüons and 80 quasienergies
The parameter yc was calculated for the closed model usmg
Eq (37), and the resulting RMT prediction (3 11) is also
shown (dotted curve)

To compare the Simulation with RMT in more detail we
have fitted a Lorentzian

υ

CD8 01

£
C3

02

t ; .
' s i $ *

* φ

* fr
| | M-400

* * 550
• K = 41 1 · ί 65°

* 41 ' a ' 700
• 800

1000

l'

-

D

*
*.
Δ

O
Φ

-8 - 6 -4 - Z 0 2 4 6 8

•yM

FIG 4 Same äs Fig 3, but foi K=4l
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20

10 = 7.5 ,tD = 25 ·
7.5 ° 10 Q
7.5 S A
41 25 τ

1000 10000

FIG. 5. Dependence of the crossover parameter γ" on the System
size. The data are obtained by fitting the Lorentzian (4.1) to the
numerical data of Figs. 3 and 4. The solid line shows the large K
limit (3.8). The dotted lines are the RMT prediction for K=1.5 and
A"=41, using yc found from the level curvatures in the closed model
(Fig- 1).

SG = - \\l + (Μγ/γ*)2]~' (4.1)

to each data set. This is the RMT result (3.11) if r*=yRMT

= 7cM
3/2/(2v5^/cRMT). The large K limit is

(4.2)

In Fig. 5 we plot the fitted crossover parameter y* äs a func-
tion of M for fixed dwell time. The plot confirms the scaling
with r~D

V2<xg~l/2, and also shows good agreement with the
values of yRMT calculated from the mean level curvature
(dotted lines).

We also performed numerical calculations for the one-
kick model. The crossover scale <5* extracted from a Lorent-
zian fit to the weak-localization peak was compared with the
value <5RMT= SCM^I2I(2\J2TDKRMT) predicted by the mean
level curvature. The large K limit of this value is

lim <5RMT = (4.3)

We show in Fig. 6 the ratio ^*/^RMT f°r me one-kick model,
äs well äs the ratio r*/yRMT for the three-kick model. The

1.5

«r«5

0.5

K-7.5

3-kick model ·
1-kick model A

10 15 20 25 30

FIG. 6. Dependence of the ratio y*/yRMT for the three-kick
model and the ratio <?/δ*ΚΜΎ for the one-kick model on the dwell
time TD. Data points for a given dwell time are obtained by aver-
aging over System sizes in the ränge from 200 to 1000.

0.4

03

o,
σ ο·2

0.1

. ,

41 l

ίο α
5 A

25 r

..A.A...

1000 10000

M

FIG. 7. Dependence of the amplitude of the weak localization
peak SG(0) (averaged over several System sizes) on the dwell time
TD. Dashed lines show a linear dependence on l / TD, extrapolated to
the RMT value |<5G(0)| = l/4.

ratio is close to unity for both models if the dwell time is
sufficiently large. At the smallest TD there is some deviation
from unity in the one-kick model.

The magnitude of the weak localization peak in Figs. 3
and 4 shows a small (about 10%) discrepancy with the RMT
prediction. We attribute this to nonergodic, short-time trajec-
tories. We show in Fig. 7 the dependence of the magnitude of
the weak localization peak <3G(0) on the dwell time. The
results suggest that <5G(0) + |« Ι/τ/j, a deviation from RMT
to be expected from the Thouless energy scale (which is
ocl/ro). The deviation from unity in Fig. 6 has presumably
the same origin.

We could determine the M dependence of γ* and SG(0)
up to M=104 (for K=7.5 and το=5). The motivation for
extending the calculation to large System sizes is to search
for effects of the Ehrenfest time.32'33 Although the Ehrenfest
time 7£=3.8 (estimating äs in Ref. 15) was comparable to
TD=5, we did not find any systematic M-dependence in γ* or
<5G(0), cf. Figs. 5 and 8.

V. CONCLUSIONS

In conclusion, we have studied time-reversal symmetry
breaking in quantum chaos through its effect on weak local-
ization. We have found an Overall good agreement between
the universal predictions of random-matrix theory and the

0.2

l °·15

O
S2. 0.1

0.05

K = 7.5

0.05 0.1 0.15
1/tn

0.25

FIG. 8. Dependence of SG(0) on the System size M for several
dwell times. Dashed lines show averages over System size.
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results for a specific quantum-mechanical model of a chaotic
quantum dot. In particular, the scaling ag~1/2 of the cross-
over magnetic field with the point contact conductance g is
confirmed over a broad parameter ränge.

Deviations from RMT that we have observed scale in-
versely proportional with the mean dwell time TD, consistent
with an explanation in terms of non-ergodic short-time tra-
jectories. These deviations therefore have a classical origin.

More interesting deviations of a quantum mechanical ori-
gin have been predicted32'33 in relation with the finite Ehren-
fest time TE. This is the time scale on which a wave packet of
minimal initial dimension spreads to cover the entire avail-
able phase space. The theoretical prediction is that the weak
localization peak <5C?(0) <* e~TE'TD should decay exponentially
once Tg exceeds TD. Our Simulation extends up to T£—TD,
but shows no sign of this predicted decay. This is consistent
with the explanation advanced by Jacquod and Sukhorukov30

for the insensitivity of universal conductance fluctuations to
a finite Ehrenfest time, based on the effective RMT of Ref.
31. As pointed out in Ref. 29, the same effective RMT also
implies that weak localization should not depend on the rela-
tive magnitude of TE and TD.

Because our Simulation could not be extended to the re-
gime TE> TD, this final conclusion remains tentative. It might
be that the exponential suppression of SG(0) does exist, but
that our system was simply too small to see it.

ACKNOWLEDGMENTS

We benefitted from discussions with M. C. Goorden, Ph.
Jacquod, and H. Schomerus. This work was supported by the
Dutch Science Foundation NWO/FOM. J.T. acknowledges
the financial support provided through the European Com-
munity's Human Potential Programme under Contract No.
HPRN-CT-2000-00144, Nanoscale Dynamics.

APPENDIX A: CLASSICAL MAP

Here we derive the classical map that is associated with
the quantum mechanical Floquet operator of the kicked rota-
tor with broken TRS. We consider the three-kick and one-
kick representations separately.

1. Three-kick representation

We seek the classical limit of the Floquet operator (2.12).
We consider the classical motion from Θ0 at t=0 to θτ at t
= T (in units of r0). Intermediate values of the coordinate are
denoted by Θ,, i=0,l,... ,7". The classical action δ is the
sum

Γ-1

/=o
(AI)

Following the general method of Ref. 7 we derive

S(ff, 0) = Sc(ff, 02) + Sb(02, 0,) + Sa(0„ θ), (Α2)

Sa(0i, Θ) = |(0i -

-\V(ff),

- 6πσΡιθι + γ cos(0,)

Sb(S2,0,) = f (02 - 0i + 2ττσβ2)
2- 6ττσρ2θ2, (A4)

5ε(θ', 02) = |(0' - 02 + 2ττσθ,)
2- 6πσρ, θ'- γ cos(02)

-\ν(θ). (Α5)

The integers σβ, σρ are the winding numbers of a classical
trajectory on a torus with 0e[0,2vr) and ρε[0,6ττ). The
map equations are derived from

r« / /) /Ί\ O /^ Λ fi\ f A £\*\
P t — On^(/i, O), p — — "ö\"l»"/» \**W

(Α7)

0 f/2

(A8)

Equations (A6)-(A8) are equivalent to the following set
of six equations that map initial coordinates (θ,ρ) onto final
coordinates (Θ' ,p') after one period:

l 0, = θ+ρ/3-ν'(0)/6-2πσθι,

ρι=ρ -γ sin 0;- V (0)/2 - 6πσΡι,

' = Θ2 + p2ß + γ sin

m θ2-ν'(θ')/2-6ττσρ,.

(Α9)

(Α10)

(ΑΠ)

We denote V'=dV/d6. Winding numbers of a trajectory on
the torus in phase space (θ,ρ) are denoted by σθ,σρ. These
integers are determined by the requirement that θ, 0j, 02, θ'
e [0,2·7τ) andp,pi,p2,p' e [0,6-ιτ). TRS for a classical map
means that the point (ff ,-p') maps to (θ,-ρ). This property
is satisfied for γ=0, but not for γφ 0. TRS is broken at the
classical level in the three-kick model.

2. One-kick representation

We now seek the classical limit of the Floquet operator
(2.14). The classical action S after one kick is

5(0', 0) = \(ff - θ+ 2τΓσθ)
2-2πσρθ' + δ(θ' - ff) + 2ττσδ

(A12)
l

- -Κ[οο$(θ+ φ) + cos(0' + φ)].

The map equations are derived from

(A13)

(A3)
The mapping of initial coordinates (θ,ρ) onto final ones
(ff ,p') after one kick is then

205324-6
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ff = θ + ρ + -K sin(6>+ φ) - δ- 2πσθ,
For the one-kick model (2.14) the operators W, V are

Φ) + sin(6>' - 2ττσρ.

(A14)

The constant 2ττσδ in the action (A 1 2), which has no dy-
namical effect in the classical limit, is determined by the
integer σ. This is the winding number after the first half of
the kick of the intermediate momentum ρ^-θ'-θ+δ+ττ
+2mre[0,2-n·].

The canonical transformation ρ—δ—>ρ, θ+φ-^θ brings
the map to an equivalent form

(A15)
K sin θ- 2ττσθ,

(sm Θ+ sin 0')-2ττσ ρ.

This form is manifestly invariant under the transformation

that maps (ff ,-p') onto (θ,-ρ) for any value of φ and δ.
Hence TRS is not broken at the classical level in the one-
kick model.

APPENDIX B: DERIVATION OF EQS. (3.8) AND (3.9)

In the large-Ä' limit the level curvature in the kicked ro-
tator can be related to the level curvature in the Pandey-
Mehta Hamiltonian. This leads to the relations (3.8) and (3.9)
between the TRS breaking parameters γ (three-kick model)
and δ (one-kick model), on the one hand, and the Pandey-
Mehta parameter a, on the other hand.

Perturbation theory for eigenphases φ,(δγ) of a unitary
matrix Ρ(δγ) gives the series expansion

= φ, +

(Bl)

Here φ, denotes an eigenphase of
= i/diag(e'^, ... .e'^i/1'. The Hermitian matrices W and V
are defined by W=U(-iJ*dv?\y=0)tf, V=dyW\7=a. Due to
reciprocity of f we find Wu-0. For the three-kick model
(2.12) the operators W, V are

M
W= — t/Xtn1Ttnt(-

Ο7Γ
(B2)

v= / —
6-7T

(B3)

where Cmmi = Smm, οο$(2τπη/Μ). We assume that for
strongly chaotic Systems (K> 1) the matrix elements Wt] and
V„ are random Gaussian numbers independent of the eigen-
phases. Average diagonal elements calculated in the three
kick model at γ=0 are <V„>=TrWM=0 and (W„)
=TrWYM=0. The variance of the off-diagonal elements is
(\W,j 2)=Tr

l
V=- — M,

2ττ
(B4)

with Dmm, = Smmi(m+l/2-M/2-SM/2tr). Average diagonal
elements at δ=0 are <V„>=Tr ν/Μ=-ΜΙ2ττ and <W„>
=Tr W/M=Q. The variance of the off-diagonal elements is
<|Wy|

2)=Tr WW^IM2=MI12.
For K> l the eigenphases φ, are distributed randomly in

the circular ensemble, which is locally equivalent to the
Gaussian ensemble.1 We expand Eq. (Bl) for small eigen-
phases difference, compare with Eq. (3.2), and substitute the
variances of matrix elements calculated above. For the one-
kick model we drop terms with V„ äs they are of order l IM.
We finally arrive at Eqs. (3.8) and (3.9).

The explicit formula for the Pandey-Mehta parameter a
describing the kicked rotator at large K is

f3/2

(B5)

for the three-kick model. The corresponding formula for the
one-kick model is

8Μ·•3/2

(B6)

APPENDIX C: SEMICLASSICAL DERIVATION

OF THE WEAK LOCALIZATION PEAK

We present a semiclassical derivation of the weak local-
ization peak, adopting the method of Ref. 8 to the case of the
kicked rotator. The method cannot be used to determine the
amplitude <5G(0), but we use it for the crossover scale. This
serves äs an independent check for the scaling predicted by
RMT.

The action difference in the three-kick model for a pair of
trajectories related by TRS is calculated äs follows. The ac-
tion <S0 for a trajectory with initial coordinate Θ0 and final
coordinate θτ at γ=0 is compared with the action <S for a
trajectory with the same initial and final coordinates, but at
small γ. The result of linear expansion in γ is

(Cl)

where periods are numbered by f = 0 , l , ... ,Γ-l and 0i(f),
Θ2(ί) denote the coordinate of the particle when TRS-
breaking kicks are applied.

The weak localization correction is

(C2)

where the average is taken with respect to all trajectories
connecting initial to final coordinates. Approximating the
distribution of the phase difference A.S for a single Step by a
Gaussian, and taking the continuum limit of exponential
dwell-time probability P(t}^e~tlTD, we derive

205324-7
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(C3)

with v bemg the vanance of Δ57γ for a smgle step The
result v= l for large K (and large TD) is obtamed by averag-
mg over random initial pomts in the whole phase space We
thus find Eq (4 2), the same result äs the one obtamed in
RMT

The acüon difference for a pair of symmetry related tra-
jectones in the one-kick model is

AS = S - S0 = δΣ \.θ' (t) - θ(ί) + 2πσ(ί)], (C4)

(£·)2 = 2Α^(7ϊ,ι/) (C5)

to linear order m δ This leads to

<5G * [l +

By averagmg over random initial pomts in the whole phase
space for large K and TD we find ν=4τι^/3 Hence we obtam

Eq (4 3), the result of RMT
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golden rule,
E\Q)(0\d E\f*}

— ω0 - ιγμ/2
(2)

Here |0) is the initial state (excited atom + no photons)
and \ / μ Κ ) is the final state (atom in the giound state +
one photon m mode μ with frequency ωμ, broadening
γμ) The mdex L or R refers to left and nght eigenfunc-
tions of the Maxwell equations in the open cavity, which
form a biorthogonal set of modes The conditions for the
vahdity of perturbation theory will be discussed later

Equation (2) can be rewntten m terms of the local
density of modes at the position r of the atom,

l ~ p(r,ü)0),

p(r, ; ) = ^ I m X
- ω - ιγμ/2'

(3)

(4)

where E^ R is the component along d of the electric field
in left or nght mode μ We consider an almost empty
cavity without any dispersive or absorptive medium
inside, in which case the distmcüon between the total and
radiative density of modes [10] is irrelevant

For a statistical descnption we study an ensemble of
chaotic cavities with the same volume Ύ and small
variations in shape The average density of modes
(p(f, o>o)) = po = £üo/37T2c3 corresponds to the average
rate ΓΟ Our aim is to find the probabihty distnbution
of p In Refs [11-13] this distnbution was obtamed
under the assumption that the broadening γμ was the
same for all modes and all cavities In our problem, the
broadening is different for each mode and each cavity,
and the distnbution turns out to be entirely different

Accordmg to the umversahty hypothesis of chaotic
Systems, the statistical distnbution of p can be described
by the random-matnx theory of chaotic scatteimg [14]
Starting point is the expression of the W X N scattermg
matnx S in terms of an M X M real Symmetrie matnx
H (representing the discretized Helmholtz opeiator of the
closed cavity) and an M X ./V couplmg matrix W,

S (ω) = l - 2niW*(a> - H + nrWW^Y^W (5)

The matnx H is taken fiom the Gaussian orthogonal
ensemble of random-matrix theory,

P (H) <* κ\ρ[-(ττρ0Ύ)2ίτΗ2/4Μ] (6)

The limit M — * °= is taken at the end of the cal-
culation The couplmg matrix W has elements
Wmn = (M/p0W

27r-l8mn

The local density of modes is obtamed from a diago-
nal element of the Green function G (ω) = (ω - H +

p ( f m , ω) = -(Μ/πΎ) Im Gmm(w) , (7)

where rm is the point in space associated with the mdex
m Because of the orthogonal invanance of P(H), the

distnbution of p is independent of m Usmg Eq (5), we
can rewnte Eq (7) in terms of the scatteimg matrix,

M

P = 2^Vltr

(8)

This representation of the local density of modes is the
matnx analog of the relationship [15] between the local
density of electronic states and the functional deiivative of
the scattermg matrix with respect to the local electrostatic
Potential, p (r) = (ι/2ττ)ίτ8^ SS/8V(r)

The matrix S^dS/dHmm is closely related to the matrix

(9)

known äs the Wigner-Smith time-delay matrix [16]
Namely, in view of Eq (5) we have

— Δ t Δ (λ Γ\\n Λ , (.IV)

where A = (2ττ)1/2ΟΨ Since A is an M X Ν matrix,
the product AA^ has M — Ν zero eigenvalues The
remainmg N nonzero eigenvalues are the same äs the
eigenvalues of <2, which are the so-called pioper delay
times [17] τ\, ,τχ Their statistical distnbution is
known [18],

Ρ(τ\,
K]

For the local density of modes (8), this imphes that

M
(12)Σ fr.

where u} is the yth element of the eigen vectoi of
correspondmg to the eigenvalue TJ In the limit M —<·
oo, the distnbution of the vector u is Gaussian, P (u) <x·
exp(-iM|«|2)

Equation (12), together with the distnbution (11)
of the T; 's and the Gaussian distnbution of the M/S,
completely determmes the distnbution of p and hence
of Γ We replace the Integration over the r, 's by
the Integration over all elements of an arbitiary real
N X N matrix B such that the τ, 's are eigenval-
ues of (BB^)~l The matrix B has distnbution [18]
P (B) α exp(-7rpo'Vtr5ßt)(detßßt)(A'+1)/2 Usmg
the dimensionless vaiiable χ = p/po = Γ/Γο and
properly rescahng u, B, the integral for the distnbution
becomes

P(JC) l du f dBe ~irBBt~l

X - \B"lu\2) (13)
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