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Scattering theory of plasmon-assisted entanglement transfer and distillation
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(Recerved 18 November 2002, published 8 October 2003)

We analyze the quantum-mechanical limits to the plasmon-assisted entanglement tansfer obseived by Al-
tewischet, van Exter, and Woerdman [Natute 418, 304 (2002)] The maximal violation S of Bell’s inequality at
the photodetectors behind two linear media (such as the peirforated metal films in the experiment) can be
described by two 1atio’s 7y, 7, of polalization-dependent transmission piobabilities A fully entangled mcident
state 1s tansfened without degiadation fo1 7;=17,, but a telatively laige mismatch of 7, and 7, can be
tolerated with a small 1eduction of § We piedict that fully entangled Bell paus can be distilled out of partially
entangled 1adiation 1f 7| and 7, sausfy a pau of inequalities

DOI 10 1103/PhysRevA 68 043807

The motivation for this woik came ftom the 1ecent te-
matkable demonstiation by Altewischer, van Extei, and
Woerdman of the tiansfer of quantum-mechanical entangle-
ment from photons to surface plasmons and back to photons
[1] Since entanglement 1s a highly fiagile piopeity of a two-
photon state, 1t came as a sutptise that this property could
swvive, with little degradation, the conveision to and fiom
the macioscopic degiees of fieedom 1n a metal [2]

We piesent a quantitative desciiption of the findmg of
Ref [1] that the entanglement s lost if 1t 18 measuied duting
tiansfe, that 1s to say, if the medium thiough which the pau
of polaiization-entangled photons 1s passed acts as a “‘which-
way’”’ detector for polatization Ow analysis explams why a
few peicent degiadation of entanglement could be 1ealized
without requuing a highly symmetiic medium We piedict
that the expeiimental setup of Ref [1] could be used to “dis-
ull” [3,4] fully entangled Bell paus out of partially entangled
mcident 1adiation, and we dentify the 1egion 1n paiametel
space whete this distillation 1s possible

We assume that the medium 1s linear, so that its effect on
the 1adiation can be desciibed by a scattering matiix The
assumption of lineatty of the nteraction of iadiation with
sutface plasmons 1s cential to the literature on this topic
[5-9] We will not make any specific assumptions on the
mode and fiequency dependence of the scattermg matiix, but
extiact the smallest number of mdependently measurable pa-
rametets needed to desciibe the experiment By concentiat-
ing on model-independent tesults we can 1solate the funda-
mental quantum-mechanical limitations on the entanglement
trtansfe1, fiom the limitations specific to any particular tians-
fer mechanism

The system constdered 15 shown schematically in Fig |
Polarization-entangled 1adiation 1s scattered by two objects
and detected by a pan of detectois behind the objects in the
far field The objects used in Ref [1] e metal films peifo-
tated by a square aray ot subwavelength holes The trans-
nmussion amplitude 7., , of object 1= 1,2 1elates the transmait-
ted 1adiation (with polanzation o=H,V) to the mcident
radiation (polatization o’ =H,V) We assume a single-mode
mcident beam and a smgle-mode detector {(smaller than the
coherence area) so that we 1equiie a set of eight uansmission
amplitudes ¢,/ , out of the entue scattering matiix (which
also contams teflection amplitudes and transnussion ampli-
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tudes to other modes) The extenston to a multimode theory
(needed to descuibe some aspects of the experiment [1]) 1s
left for a futwe mvestigation [10] We do not 1equune that the
scattering mati1x be unitary, so ow tesults temain valid if the
objects absoib patt of the incident radiation

The 1adiation incident on the two objects 1s 11 a known,
paitially entangled state and we wish to determine the degiee
of entanglement of the detected 1adiation It 1s convenient to
use a matiix notation The mcident two-photon state has the
genetal foim

(W) =ajigl HH) +agy|HV) +ayy VH) +ayy[VV)

(0
The fout complex numbers aif(r, form a matiix
1 m

Agy  Agv
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FIG 1 Man plot etficiency of the entanglement tiansfer {or a
(ully entangled incident state as given by Eq (14) The maximal
violation §,,, of Bell’s inequality at the photodetectors s plotted as
a funcuon of the ratto 7y /7,=1, I, /Ty T,, ol the polatization
dependent uansmisston probabilities The nsct shows schematically
the geomelry of the expetiment of Rel [1] A pan of polanization
entangled photons 1s tncident from the feft on two peiforated metal
films The photodetectors at the 11ght, connected by a comcidence
counter measuie the degice of entanglement of the tansmitted 1a
diation
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Noimalization of |¥ ) 1equues Tt A A} =1, with “T1” be-
g the tiace of a matiix

The four transmission amplitudes ¢,/ , of object 1==1,2
form the matiix

T = ( Twa, Imv z) 3)

tyn, lyv,

The tiansmutted two-photon state [W,,) has matiix of coef-
ficients

Aout:Z_l/ZTlAmT’z’ (4)
with normalization factor
Z=Ti (T1A T (T A T5) (5)

{The supetscupt “t” denotes the fianspose of a mattix )

We quantify the degtee of entanglement m teims of the
Clauser-Horne-Shimony-Holt patameter S [11], which mea-
sutes the maximum violation of Bell’s 1nequality and was
used m the expeniment of Ref [I] This patameter can be
obtained fiom a decomposition of |W) mto a supeiposition
of a fully entangled state (with weight JP) and a factorized
state orthogonal to 1t [12,13] The 1elation 1s

S=2y1+P?, P*=4DetAA", (6)

with “Det” being the detetminant and 0=<P=<1 (The con-
cuttence [14] 1s dentical to P ) A fully entangled state has
P=1, §=2 \5, while a factonized state has P=0, §=2
The fully entangled state could be the Bell pau ([HV)
—|VH))/ V2, o1 any state derived fiom 1t by a local unitary
tiansformation (A— UAV with U,V atbiiraty unitary matii-
ces) The degiee of entanglement P,,=2|DetA,,| of the -
cident state 15 given and we seek the degiee of entanglement
Pou=2|Det Ayl of the tiansmutted state We are particulaily
mterested m the laigest P, that can be 1eached by applying
local umitaty tiansformations to the mcident state This
would contespond to the experimental situation that the po-
latizations of the two mcoming photons are 1otated mdepen-
dently, i order to maxmmze the violation of Bell’s mequality
of the detected photon pan

Befoie proceeding with the calculation we ntioduce some
patametiizations The Hermitian matiix product 7,7 has the
eigenvalue-ergenvector decomposition

T+ O | (T2+ 0 )
o T, U, o=V | v
(7)

The matrices of eigenvectors U,V are unitary and the trans-
mission eigenvalues T,.. are 1eal numbers between 0 and |
We oider them such that 0=7,_=<T,, =<1 for each =12
We will see that the maximal entanglement tiansfer depends
only on the1atios 7,=T7,,. /T, This parametnization theie-
fote extiacts the two significant real numbeis 7,7, out of
eight complex transmission amphitudes The Hermitian ma-
tix product A,A . has eigenvalues A, =1+ +(1—p2)"?
These appear m the polar decomposition

TIT{=U(
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The phase ¢ 1s 1eal and u+ ,v+ ale complex numbeis con-
sttamed by |u|=xw)" |Jv.|=(3x0v)"% with real
u,ve(—3%,5) These numbers can be vaiied by local umtary
ttansfoimations, so later on we will want to choose values
which maximize the detected entanglement

With these paiametiizations a calculation of the determi-
nant of A, leads to the followmg 1elation between P, and
P out

P N7 T
Poul:_‘i“lz—‘[x+Q++)\#Q%—2\/>\+}\_

(1= 1){m— 1)

1 172 { 12 -1
X —~u2) (———vz> cos P (9)
4 4 ’
+l TI+1)( +1 Tz+1) 0
Qin Lt_E TI_l UM2 7'2_1 ( )

The phase ® equals the aigument of u,ufv ,v_ To maxi-
mize P, we should choose ® =0

We flist analyze this expiession for the case of a fully
entangled incident state, as n the expeniment of Ref [1] For
P,=1 one has A, =\_=1/2, and Eq (9) simplifies to

4‘\ T173

Pout:(ﬂ+1)(rz+1)+4a(rl~1)(72—1)’ -
[ 12/ 172
a:uv—(z—uz> (Z_Uz) cos ® (12)

Since 7,21 and |a|=4} we conclude that the degtee of en-
tanglement ts bounded by P n=Pou= Py > With

2\7'17'2 _2\7']/72

1+7-172’ Il]lx_l+71/72 (13)

P min =

The maximum P, can always be 1eached by a pioper
choice of the (fully entangled) incident state, so the maximal
violation of Bell’s mequality 1s given by

47‘/72
Smx=2 \J 1+ ———3 (14)
(1 + T /7'2)_

The dependence of S, on 7,/7, 1 plotted 1n Fig 1 Full
entanglement 1s obtained fo1 7,=7,, hence for T\.,.T,.
=T,_Ty4+ Genencally, this requues erther identical objects
(T1+=T>,+) o1 nondentical objects with 7., =7, If 7
=1, thete arte no which-way labels and entanglement tully
survives with no degiadation

Small deviations of 7;/7, fiom unity only 1educe the en-
tanglement to second ordet

Swan=2 2[ L= (7 /7= 1)>+0(7 /73— 1)*] (15)
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So for a small 1eduction of the entanglement one can tolerate
a larige mismatch of the tiansmission piobabilities In pai-
ticulai, the expermmental 1esult S=2 71 for plasmon-assisted
entanglement tiansfer [1] can be 1eached with mote than a
factot two of mismatch (S=271 for 7,/7,=24)

As a simple example we calculate the symmetly patam-
eter 7, /7, for a Loientzian ttansmission piobability, appio-
puate for plasmon-assisted entanglement transfer [5-9] We
take

T .= 7 (16)
T (wo— @)+ T

whete wg 1s the fiequency of the mcident 1adiation, I 1s the
lmew1dth, and 7 1s the ttansmussion piobability at the 1eso-
nance fiequency w,» (For simplicity we take polaiization-
mdependent I and 7°) The tansnussion 1s thiough an opti-
cally thick metal film with a 1ectangular aray of
subwavelength holes (lattice constants L,.) The dispersion
telaton of the swface plasmons 15 w,+=(1
+1/e) "2 anc/L,+ [9], wheie € 1s the 1eal pait of the dielec-
tiic constant and #n 15 the oider of the 1esonance, equal to the
number of plasmon-field oscillations m a lattice constant We
break the symmetiy by taking one squaie artay of holes and
one tectangulai anay (lattice constants Lo=L,, =L,
=/L,_and Ly=L,_) The lattice constant Ly 1s chosen such
that the cident 1adiation 1s at 1esonance The symmetiy
patameter becomes

Tl_1+2 ,[ nl 111)2 l_c fe+1 )
’7'2_ ( W) LO Ll ’ _F € (

The length [ 1s the piopagation length of the sutface plasmon
[We have taken c( 1+ 1/€) ! for the plasmon gioup velocity,
valid 1if wq 1s not close to the plasma fiequency [9] | Com-
bming Eqs (15) and (17) we see that the deviation of S,
fiom 22 (the degiadation of the entanglement) 15 p1opoi-
tional to the fourth power of the diffetence between the num-
ber of oscillations of the plasmon field along the two lattice
vectols

Turning now to the more general case of a paitially en-
tangled mcident state, we ask the following question Is 1t
possible to achieve Py, =1 even 1f P ,<<1? In other woids,
can one detect a 22 violation of Bell’s mequality after
transmission even 1f the oniginal state was only paitially en-
tangled? Exammation of Eq (9) shows that the answer to
this question 1s Yes, ptovided 7; and 7, satisfy

-1

In—|=<2 arcosh(P,,") and In7;7=2 alcosh(PI;I)

i

71
T

(18)

The allowed values of 7; and 7, lie 1n a stip that 1s open at
one end, see Fig 2 The boundaiies ate 1eached at |1|=]v|
=3 The 1egion mside the stip 15 1eached by choosing both
lu] and |v|<1/2 For P,,=1 the st collapses to the smgle
line 7,= 75, m agieement with Eq (13)

The possibility to achieve Py,=1 for P,<I 1s an ex-
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S

InT,

FIG 2 The shaded strips indicate the values of In 7 and In 7,
for which Py=1 can be teached with P =035 (houizontally
shaded) and P ,=09 (vertically shaded), n accoidance with Eq
(18)

ample of distillation of entanglement [4] The distillation
method used hete 15 the Pioctustean method of Bennett er al
[3] Itiequues only local linea: filters (the metal films 1n ow
case) and classical communication (the coincidence countei)
See Ref [15] for an expenmental 1ealization and Refs [16—
20] for other distiltation schemes As 1t should, no entangle-
ment 18 cieated n this operation Out of N mcoming photon-
paus with entanglement P,, one detects NZ paus with
entanglement P, =P, Z ", , T\_T,,T,_, so that
NZPOlllsNPIIl

In conclusion, we have shown that optical entanglement
transfer and distillation thiough a pan of limear media can be
described by two 1atios 71 and 7, of polaiization-dependent
transnussion probabilities For fully entangled mcident 1adia-
tion, the maxmmal violation of Bell’s mequality at the detec-
tots 1s given by function (14) of 7;/7, which decays only
slowly aiound the optimal value 7;/7,=1 Distillation of a
fully entangled Bell pau out of paitially entangled mcident
radiation 18 possible no matter how low the mitial entangle-
ment, ptovided that =) and 7, satisfy the two nequalities
(18)

Ouw 1esults provide a simple way to desciibe the expeit-
ment of Ref [1] on plasmon-assisted entanglement tiansfei,
i terms of two sepaiately measurable patameters By chang-
g the squate array of holes used m Ref [I] mto a 1ectan-
gulai auiay (o1, equivalently, by tilung the squaie aiiay 1ela-
tive to the incident beam), one can move away fiom the
pomnt 7y=7,=1 and seaich for the entanglement distillation
predicted hete The possibility ot extiacting Bell paus by
manipulating surface plasmons may have mteiesting applica-
tions 1n quantum 1nformation processing
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tton NWO/FOM and by the US Aimy Reseaich Olfice
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