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We use the open kicked rotator to model the chaotic scattering 1n a ballistic quantum dot coupled by two
point contacts to election 1eservous By calculating the system-size-over-wave-length dependence of the shot-
noise power we study the ciossover from wave to particle dynamics Both a fully quantum-mechanical and a
semiclassical calculation are piesented We find numetically i both appioaches that the noise power 1s 1educed
exponentially with the ratio of Elenfest ume and dwell ume, in agieement with analytical predictions

DOI 10 1103/PhysRevB 68 115313

I. INTRODUCTION

Noise plays a uniquely informative 1ole m connection
with the patticle-wave duality ! This has been appieciated for
light since Enstemn’s theory of photon noise Recent
theoretical’™® and expenimental’ woiks have used electionic
shot noise 1n quantum dots to explote the crossover fiom
particle to wave dynamucs Paiticle dynamics 1s detetministic
and noiseless, while wave dynamics 1s stochastic and noisy 8

The ciossover 1s governed by the 1atio of two tune scales,
one classical and one quantum The classical tuime 1s the
mean dwell time 7p of the election m the quantum dot The
quantum tume 18 the Ehitenfest time 7, which 1s the tune 1t
takes a wave packet of mimimal size to sptead over the entie
system While 7, 1s independent of £, the time 7z mcieases
«In(l/f) for chaotic dynamics An exponential suppiession
oc exp(— 7p-/7p) of the shot-noise power 1 the classical Tumit
fi—0 (o1 equivalently, in the limit system-size-ovei-wave-
length to wnfinity) was piedicted by Agam, Alemner, and
Laikin 2 A 1ecent expetiment by Obetholzer, Sukhorukov,
and Schonenbeiger” fits this exponential function However,
the accwiacy and 1ange of the expenimental data 1s not suffi-
cient to distinguish this prediction fiom competing theoties
(notably the 1ational function predicted by Sukhorukov® for
shott-tange impuiity scatteiing)

Computer simulations would be an obvious way to test
the theoty 1 a contiolied model (wheie one can be certam
that theie 1s no weak 1mpurity scattering to complicate the
mteipretation) Howevel, the exceedingly slow (logatithmuc)
gtowth of 7z with the 1atio of system size over wave length
has so far prevented a numerical test Motivated by a 1ecent
successful computer stmulation of the Ehienfest-tume depen-
dent excitation gap m the supeiconducting proximity
effect,!” we use the same model of the open kicked 10tator to
search for the Ehtenfest-time dependence of the shot noise

The reasoning behind this model 1s as follows The physi-
cal system we seek to descitbe 1s a ballistic (clean) quantum
dot 1n a two-dimensional election gas, connected by two bal-
listic leads to election reservons While the phase space of
this system 15 tour dumensional, 1t can be 1educed to two
dimensions on a Pomcaié sutface of section '''* The open
kicked 1otator'©"% " 15 a stioboscopic model with a two-
dimensional phase space that 1s computationally mote tiac-
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table, yet has the same phenomenology as open ballistic
quantum dots

We study the model m two complementary ways Fitst we
ptesent a fully numetical, quantum-mechanical solution
Then we compate with a paitially analytical, semiclassical
solution, which 1s an implementation for this patticular
model of a geneial scheme piesented 1ecently by Silvestiov,
Gooiden, and one of the authors 3

II. DESCRIPTION OF TIIE MODEL

We give a desciiption of the open kicked 1otatol, both 1n
quantum-mechanical and 1n classical terms

A. Closed system

We begin with the closed system (without the leads) In
this section we follow Refs 16,17 The quantum kicked 10-
tator has Hamultoman

H i §2+K1° eé S.(i—kry) (21)
=—-———=+ —C0s (r—k
20y 9> 7o A== o

The vanable e (0,27) 1s the angulai coordinate of a pai-
ticle moving along a cucle (with moment of mertia /),
kicked perodically at time mtervals 7y (with a strength
«K cos §) To avoird a spurious bieaking of time-ieversal
symmetty later on, when we open up the system, we 1epte-
sent the kickmg by a symmettized delta function &, (¢)
=16(t—€e)+1i8(t+¢€), with infinitesimal e The 1atio
hrgl2mly=hey 1epresents the effective Planck constant,
which goveins the quantum-to-classical crossover The stio-
boscopic time 7 15 set to unity m most of the equations

The stioboscopic time evolution of a wave function 18
given by the Floquet operator F=Texp(—:fdt H/h), where
T mdicates time ordering of the exponenttal For 1/
=M, an even wteger, F can be tepiesented by an M XM
unitary symmetiic matiix The angular coordinate and mo-
mentum eigenvalues ate 6, =27m/M and J=#{ with
m,l=1,2, .M We will use 1escaled vaiables v= 6/2m
and p=//iM n the 1ange (0,1)

The eigenvalues exp(—1g,,) of F define the quasieneigies
£, €(0,27) The mean spacing 27/M of the quasienergies
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plays the 1ole of the mean level spacing & n the quantum
dot In cooidmate repiesentation the matux elements of F
aie grven by

Fram =(XUTTLUX )y » (2 2a)
Uy =M~ ]/2€2mmm'/M’ (2 2b)
Xmm’ — 5,7””/6 —z(MK/47)cos(2~rm/1\/I)’ (2 2C)
0= 8mre v (2 2d)

The matix product U'TIU can be evaluated 1 closed form,
1esulting 1n the manifestly symmetiic expiession

(U TLU ) s =M~ e ™ expli (/MY (m' —m)?]
23)

Classically, the stioboscopic time evolution of the kicked
1otatot 1s desciibed by a map on the toius {x,p|modulo 1}
The map 1elates ¥, 1,p,+1 at time k+1 to x;,p; at ime &

Y =X bp ot ——sm2m7x,, (2 4a)

4ar

Pis1=pF E(s11127rxk+sm27nk+1) (2 4b)

The classical mechanics becomes fully chaotic for K=7,
with Lyapunov exponent A~In(K/2) For smaller K the
phase space 1s mixed, contamning both 1egions of chaotic and
of 1egular motion We will 1estiict owselves to the fully cha-
ofic 1egime m this papei

For later use we give the monodiomy matiix M (x;,py),
which describes the stietching by the map of an infinitesimal
displacement dx;, op,

5M+1> (5xk)
=M (x;,py) 25)
(5PA+1 (oo opy,
Fiom Eq (2 4) one finds
M ) ( Axy) ) 2 6)
X P = , a
P ACGOA (D) =1 Alvs)
K
Alx)y=1+ 508 27y (2 6b)

B. Open system

We now tuin to a descuption of the open kicked rotator,
following Refs 10,15,18 To model a pan of N mode ballis-
tic leads, we impose open boundaty conditions n a subspace
of Hilbert space iepiesented by the ndices (™ i coord
nate repiesentation The subsciipt n=1,2, ,N labels the
modes and the supersciipt @=1,2 labels the leads A 2N
XM piojection matiix P descubes the coupling to the bal

listic leads Its elements aie

PHYSICAL REVIEW B 68, 115313 (2003)

(a)}

1 o m=ne{m,

P”IH = (2 7)

0 otheiwise

The mattices P and F together determine the quasieneigy
dependent scatte1ing mati1x

S(e)=Ple™"*—F1-PP)]"'FPT  (28)
Using PPT=1, Eq (2 8) can be cast m the form
PAPT-] 1+e*F
= s =3 == —A , (2 9)
PAPT+1 1= F

which 1s mamifestly unttary The symmetiy of F enswes that
S 15 also symmettic, as 1t should be 1n the presence of time-
tevetsal symmetty

By giouping together the N indices belonging to the same
lead, the 2N X2N matux S can be decomposed into fou
sub-blocks contatning the N XN tiansmission and ieflection

matiices
I 11
s=|, (2 10)
t I
The Fano factor F follows fiom"®
Tier (1—1th)
fFf=—— 211

Tr tt!

This concludes the descuiption ot the stioboscopic model
studied 1n this paper For completeness, we briefly mention
how to extend the model to mclude a tunnel baitier 1n the
leads

To this end we 1eplace Eq (2 8) by

S(8>:_(1_KKT)I/Z_‘_K[Q—IE_F(I_K"IK)I/Z]~1]:KT

(212)
The 2N XM coupling matiix K has elements
JT, if m=ne {m(f‘)}
Kin=1o ’ (2 13)

otherwise,

with '), € (0,1) being the tunnel probability in mode n Bal-
listic leads correspond to I',=1 for all n The scatteiing
matiix (2 12) can equivalently be wiitten m the form used
conventionally m quantum chaotic scattering 202!

S(e)=—1+2W(A ' +Wiw) 1w, (2 14)
with W=K(1+J1—KTK)"! and A defined n Eq (2 9)

HI. QUANTUM-MECITIANICAL CALCULATION

To calculate the tansmission matiix fiom Eq (2 8) we
need to detetmine an N XN submatiix of the mveise of an
M XM matiix The ratio M/2N= 7p 15 the mean dwell time
m the system m umts of the kicking time 7y This should be
a large numbei, to avoid spurious effects trom the stiobo-
scopic description For large M/N we have found 1t efficient
to do the partial mveision by iteration Each step of the 1t
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FIG 1

Dependence of the Fano factor F' on the dimensionality of the Hilbeit space M = 1/hy;, at fixed dwell time 7p=M/2N and

kicking strtength K The data points follow fiom the quantum-mechanical simulation 1n the open kicked 1otator The solid linc at F'= f 1s the
M-independent 1esult of rtandom matiix theory The dashed Iines aie the semiclassical calculation using the theoiy of Ref 5 There are no fit

parameters n the compaiison between theoly and simulation

eration 1equies a multiplicatton by F, which can be done
efficiently with the help of the fast-Fourter-transform
algorithm 2 We made suie that the iteration was fully con-
verged (enor estimate 0 [%) In compaiison with a diect
matiix mveision, the iterative calculation 1s much quicket
the time 1equuied scales o M?In M 1ather than o= M?>

To study the quantum-to-classical ciossover we teduce the
quantum paiametet /.= /M by two oideis of magnitude at
fixed classical patameteis 7,=M/2N=5,1030 and K
=7,14,21 (These thiee values of K coniespond, respectively,
to Lyapunov exponents A= 1 3,1 9,24 ) The left edge of the
leads 1s at m/M =01 and m/M =0 8 Ensemble aveiages aie
taken by sampling ten 1andom values of the quasieneigy e
€ (0,27m) We aie mnterested in the semiclassical, laige-N i1e-
gime (typically N>10) The aveiage tiansmission
N™NTitt')~1/2 1s then msensitive to the value of iy,
since quantum cortections ate of order I/N and therefore
1elatively small ! The Fano factor (2 11), howeve, 15 seen to
depend stiongly on fi, as shown in Fig I The line thiough
the data points follows fiom the semiclassical theoty of Ref
5, as explained 1n the following section

In Fig 2 we have plotted the numerical data on a double-
logarithmic scale, to demonstiate that the suppiession of shot
notse obseived 1 the simulation 1s indeed goveined by the
Ehienfest ttme 7, The functional dependence piedicted for

N>\/A7 187

7 T T T T T T
a
6 4
" K=7
5# « - y
T -.A. K=14
I 4 »
c .l:“ L]
l—~03— . 4 .-= M a
I 6 a ]
et A
2-., .-!‘::.o b
[N - dy
" - Tp=5 =
1 a‘?i' I
O 1 ] 1 1 130 I‘

FIG 2 Decmonstraton of the logaithmic scaling ol the Fano
factor " with the patametet N/M=M/(27p)" The data points
follow from the quantum mechanical simulation and the lincs aie
the analytical predicuon (3 1), with ¢ being a fit parameter The
slope A "= 1/In(K/2) of each line s not a fit parametet

T I
Fe:—pe™ T D7TE=)\ ln(N—'/M)_{'C,

q Gh

with ¢ bemg a K-dependent coefficient of order unity As
shown 1n Fig 2, the data follows quite nicely the logauthmic
scaling with N*/M =M/(27p)? predicted by Eq (3 1) This
cotiesponds to a scaling with w>/L\z mn a two-dimensional
quantum dot (with A, being the Feinu wave length and w
and L the width of the point contacts and of the dot, 1espec-
tively) We note that the same patametiic scaling goveins the
quantum-to-classical crossover 1 the supeiconducting p1ox-
ity effect 1024

IV. SEMICLASSICAL CALCULATION

To desciibe the data fiom ow quantum-mechanical simu-
fation we use the semuclassical approach of Ref 5 To that
end we first identify which points n the x,p phase space of
lead I ate transmutted to lead 2 and which aie 1eflected back
to lead 1 By iteration of the classical map (2 4) we amive at
phase-space poitratts as shown 1 Fig 3 (top panels) Points
of different color (o1 giay scale) identify the mitial condi-
tions that ate ttansmitted o1 1eflected

The trtansmitted and ieflected pomts gioup together m
neaily parallel, nairow bands Each tiansmission o1 1eflection
band (labeled by an wndex ) suppoits noiseless scattering
channels, provided its atea A, m phase space 1s gieater than
heg=1/M The total number Nq of noiseless scattermg chan-
nels 1s estimated by

No=M2, A,0(A,— M), CRY
]

with 8(1)=0 1f A<<0 and 8(x)=1 1f x>0 In the classical
limit M —= one has Ng=N, so all channels are noiseless
and the Fano tactor vamishes ®

As argued 1 Ref 5, the contitbution to the Fano facton
fiom the N — N noisy channels can be estimated as 1/4N per
channel In the quantum limit Ng=0 one then has the result
F=1/4 of 1andom-mattix themy25 The piediction for the
quantum-to-classical crossover of the Fano factor 1s

115313-3
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FIG 3 (Colo1 online) Upper panels phasc space portiait of lead 1, for 7,,= 10 and different values of K Each point tepiesents an initial
condition for the classical map (2 4), which is erther transmitted thiough lead 2 (black/red) o1 reflected back through lead 1 (giay/gieen)
Only 1nittal conditions with dwell times <3 aie shown fo1 clarity Lower panels histogiam of the area distitbution of the transmission and
icflection bands, calculated from the conesponding phase-space portiait in the upper panel Ateas gieater than s =1/M conespond to

noiseless scattering channels

4N2A o(1IM—A)

M (UM
| Ap(A)dA,

TAN “2)

thh band density p(A) 2,60(A—A,) The quantum [mmit
= 1/4 follows fiom the total area fOA p(AYdA=NIM
We have appiroximated the aieas of the bands fiom the
monodiomy matiix (2 6), as detailed n the Appendix The
lower panels of Fig 3 show the band density m the foim of
a histogiam The solid cuives i Fig | give the 1esulting
Fano factor, according to Eq (4 2)

V. SCATTERING STATES IN THE LEAD

To mvestigate further the conespondence between the
quantum mechanical and semiclassical descriptions we com-

pate the quantum-mechanical eigenstates |U/,) of t' 't with
the classical tiansmission bands
Phase-space pottiaits of eigenstates aie given by the Hu
simi function
2
H(m,m,)=|(U jm,,m,)]| 51)
The state |m, ,m,) 1s a Gaussian wave packet centered at x
=m,/M, p=m,/M In position tepiesentation it 1eads

N

</n|m mn )>u E e—‘”(”l—m +AN) /N 27umpmiN ( )
AN 2 5 Z
h=—

The summation ovet k ensures perrodicity 1m m
The transmission bands typically suppoit several modes,
thus the eigenvalues T, ate neaily degenerate at unity We

FIG 4 (Colot online) Contour plots of the
Husimi function (53) in lead | for M=2400
7p=10, and K=7,14 21 The outer contout 1s at
- the valuc 0 15 1nner contours mcicase with n

— crements of O | Yellow 1egions ate the classical
transmisston bands with area >1/M  extiacted
from Fig 3

1 1 e 1
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FIG 3 (Colot online) Upper pancels: phasc-space portiait of lead 1. for 7= 10 and different values of K Each pomt 1epresents an imitial
condition for the classtcal map (2 4). which 1s either tansmtted thiough lead 2 (black/ied) o 1eflected back thiough lead 1 (giay/green)
Only mttial conditions with dwell ttmes <3 aic shown for claity Lowes panels histogram of the arca disttibution of the ttansmission and
eflection bands. calculated fiom the cotesponding phasc-space portiait m the upper pancl. Arcas gicater than = 1/M conrespond to

noiscless scattering channels

M

F=15 2{ A0(1IM—A,)

M
Ap(A)dA,

- (42)
ANy
with band density p(A)=2,8(A—A,) The quantum limit
F=1/4 {ollows [rom the total arca f(')Ap(A) dA=NIM

We have approximated the arcas of the bands {rom the
monodromy matrix (2.6), as detarled n the Appendix. The
lower pancls of Fig. 3 show the band density in the form of
a histogram. The sohid curves m Fig, 1 give the resulting
Fano factor, according to Eq (4 2).

V. SCATTERING STATES IN THE LEAD

To nvestigate further the correspondence between the
quantum-mechanical and semiclassical descriptions we com-

pate the quantum-mechanical cigenstates |U,) of 1/t with
the classical transmission bands.
Phasc-spacc portraits of cigenstates are given by the Hu-
simi function
H,(m,om,)= (U I, om )2 (5.1
The slate |, ) 15 a Gaussian wave packet centered at
=m /M, p=m,/M In position representation 1t reads

*©

2
(IHlIH\ ,IN/)>’X E e Tn—m VANYTIN 2 miN
s %

(5.2)

The summation over 4 ensurcs pertodicity m m
The transmission bands typically support scveral modcs,
thus the cigenvalues T, arc ncarly degencrate at unity. We

1 = 1

e 1

K=14
7 modes

K=7
10 modes

K 21
6 modes

r
"
I

FIG. 4. (Colot onlime) Contowr plots of the
Hustmi function (53) mn lead 1 for M =2400.
=10, and K=7.1421 The outer contow 15 at
the value 0 15, mner contours nciease with -
ctements of 0 1 Yellow tegions are the classical
transmussion bands with atea > 1/M. cxtiacled
fiom Fig 3.
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choose the group of eigenstates with 7,>0 9995 and plot the
Husimi function for the piojection onto the subspace
spanned by these eigenstates

H(m, ,m,)= > H(m,,m,) 53)
7,50 9995

As shown m Fig 4, this quantum-mechanical function -

deed cortesponds to a phase-space portiait of the classical

transmussion bands with aiea > /M

VI. CONCLUSION

We have piesented compelling numetical evidence to1 the
validity of the theory of the Ehienfest-time dependent sup-
pression of shot noise m a ballistic chaotic system *> The key
prediction® of an exponential suppiession of the noise powel
with the 1atio 7; /7 of Ehienfest time and dwell time 1s
observed over two oi1ders of magnitude in the simulation We
have also tested the semiclassical theory proposed 1ecently,’
and find that 1t desciibes the fully quantum mechanical data
quite well It would be of mteiest to extend the simulations
to mixed chaotic/iegular dynamics and to systems which ex-
hibit localization
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APPENDIX: CALCULATION OF TIIE BAND AREA
DISTRIBUTION

We appioxtmate the bands m Fig 3 by sttaight and nai-
1ow stips 1n the shape of a paiallelogtam, disiegaiding any
cwvatute This 1s a good appioximation n patticutar tor the
nariowest bands, which aie the ones that detetmine the shot
noise Each band 1s chaiacterized by a mean dwell tme 1 (in
units of 79) We disiegaid any vaiiations m the dwell time
within a given band, assuming that the entne band exits
thiough one of the two leads after n tterations (We have
found numetically that this 1s tiue with 1a1e exceptions )

The case of a 1eflection band 1s shown mn Fig 5 The
mial and final paiallelogiams have the same height, set by
the width w=N/M of the lead Since the map 1s alea pie-
serving, the base B of the two paiallelogiams should be the
same as well To calculate the band atea A= Bu we assume
that the monodiomy matiix M (v ,p,) does not vary appie-

PHYSICAL REVIEW B 68, 115313 (2003)

B. initial

FIG 5 Phase space of a lead (width ) showing two areas (in
the shape of a paiallelogram) that are mapped onto each other after
n iterations They have the same base B, so the same atea, but then
ult angle « 1s different

clably withm the band at each iteration k=1,2, .1 An
mitial vector ¢, within the parallelogiam s then mapped after

n tterations onto a final vector ¢ ¢ given by
@/zMe,,M:M()\”,p”) A4(A27.D2)M()”l’pl) ( )
Al

with v;,p; mside the miual paiallelogtam
We apply Eq (Al) to the vectors that form the sides of the

mitial and final parallelogiams The base vector e,=Bp 1s

mapped onto the vector 5/: +w(i+ptana), with & bemg
the tlt angle of the final paiallelogtam It follows that
B| M, ,|=w, hence

A=wi|M,,)| (A2)

We obtain the Fano factor F by a Monte Cailo proceduie
An mitial pomnt ay,p; 1s chosen tandomly in lead 1 and
iterated until 1t exits thiough one of the two leads The prod-
uct M of monodiomy matiices starting from that point gives
the atea A of the band to which 1t belongs, according to Eq
(A2) The fiaction of pomts with A<<I/M then equals
wlfIMAp(A) dA=4F, according to Eq (42)

To assess the accuiacy of this ptoceduie, we 1epeat the
calculation of the Fano tfactor with mitial pomnts chosen ran-
domly m lead 2 (instead of lead 1) The difference 15 about
5% The dashed lmmes m Fig 1 are the average of these two
results
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